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ZUSAMMENFASSUNG: DIE STRUKTUR UND KINEMATIK DER MILCHSTRAßEN-
SCHEIBE IM HINBLICK AUF EIN SEMI-ANALYTISCHES CHEMO-DYNAMISCHES
MODELL
In dieser Arbeit untersuchen wir die räumliche Struktur sowie die chemischen und kinemati-
schen Eigenschaften der Milchstraße auf der Grundlage eines semi-analytischen chemo-dyna-
mischen Modells von Just and Jahreiß (2010) (JJ Modell). Unter der Annahme, dass sich
die Scheibe von innen nach außen gebildet hat und eine konstante Dicke aufweist, erweit-
ern wir das lokale JJ Modell auf galaktozentrische Entfernungen von R = 4− 12 kpc. Für
jeden Radius nehmen wir eine Sternentstehungsrate (SFR), deren Maximum in der äußeren
Scheibe in Richtung jüngerer Alter verschoben ist, und nutzen die anfängliche Massenfunktion
(IMF) in Form des Potenzgesetzes mit vier Steigungen (Rybizki and Just, 2015). Die Alter-
Geschwindigkeitsdispersion- und Alter-Metallizitätsrelation (AVR und AMR) werden dann
selbstkonsistent berechnet; letztere wird mit Metallizitätsverteilungen der Roten Klumpen-
Sterne aus dem Apache Point Observatory Galactic Evolution Experiment (APOGEE, Eisen-
stein et al., 2011) eingeschränkt.
Im Rahmen der Vorwärtsmodellierung validieren wir das lokale JJ Modell im Solarzylinder,
indem wir es mithilfe der Proben aus dem Radial Velocity Experiment (RAVE, Steinmetz et al.,
2006) und der ersten und zweiten Gaia-Datenveröffentlichung (DR1 und DR2, Lindegren et al.,
2016; Gaia Collaboration et al., 2018) gegenprüfen. Wir finden eine Gesamtabweichung in
der Anzahl an Sternen von bis zu ∼ 9%, mit einer statistisch signifikanten Diskrepanz für die
dynamisch kalten Populationen.
Wir entwickeln außerdem ein neues Verfahren für den asymmetrischen Drift und wenden sie
in drei Metallizitätsbins auf die lokale RAVE-Probe und G-Zwerge aus der Sloan Extension
for Galactic Understanding and Exploration (SEGUE, Yanny et al., 2009) an. Die tangentiale
Komponente der solaren Eigengeschwindigkeit, die mit der RAVE-Probe berechnet wird, ist
V = 4.47±0.8 km s−1. Die aus den SEGUE G-Zwergen rekonstruierte Rotationskurve in Ent-
fernungen von R = 7− 10 kpc hat eine Steigung von nahezu Null und beträgt 0.033±0.034.
Die zur dicken Scheibe gehörenden G-Zwerge sind kinematisch homogen mit einer Skalen-
länge von 2.05±0.22 kpc, was mit Literaturwerten übereinstimmt.
ABSTRACT: THE STRUCTURE AND KINEMATICS OF THE MILKY WAY DISK IN
VIEW OF A SEMI-ANALYTIC CHEMO-DYNAMIC MODEL
In this work we study the spatial structure as well as the chemical and kinematic properties
of the Milky Way disk on the basis of a semi-analytic chemo-dynamical model from Just and
Jahreiß (2010) (JJ model).
Assuming inside-out formation and a constant thickness of the MW disk, we generalise the
local JJ model to Galactocentric distances of R = 4− 12 kpc. At each radius we assume a
star formation rate (SFR) with a peak shifting to younger ages for the outer disk and use the
four-slope broken power-law initial mass function (IMF) from Rybizki and Just (2015). The
age-velocity dispersion and age-metallicity relations (AVR and AMR) are then obtained self-
consistently; the latter is constrained by metallicity distributions of the Red Clump stars from
the Apache Point Observatory Galactic Evolution Experiment (APOGEE, Eisenstein et al.,
2011).
Within a forward modelling framework, we validate the local JJ model in the solar cylinder by
testing it against the samples from the Radial Velocity Experiment (RAVE, Steinmetz et al.,
2006) and the first and second Gaia data releases (DR1 and DR2, Lindegren et al., 2016; Gaia
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Collaboration et al., 2018). We find an overall mismatch in star counts up to ∼ 9%, with a
statistically significant discrepancy identified for the dynamically cold populations.
We also develop a new treatment of the asymmetric drift and apply it in three metallicity bins
to the RAVE local sample and G-dwarfs from the Sloan Extension for Galactic Understanding
and Exploration (SEGUE, Yanny et al., 2009). The tangential component of the solar peculiar
motion obtained from the RAVE sample is V = 4.47±0.8 km s−1. The rotation curve recon-
structed from the SEGUE G-dwarfs in a range of distances R = 7−10 kpc has a near-zero slope
of 0.033±0.034. The thick disk G-dwarfs are found to be kinematically homogeneous with a
scale length of 2.05±0.22 kpc, which is in agreement with values from the literature.
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Chapter 1
Introduction
1.1 Prologue
The origins of astronomy go back to very ancient ages, and there are several reasons why this
field of knowledge has appeared so early. The first factor is rather straightforward: revealing
regularities in the motion of celestial bodies served directly to economic and political needs of
the early societies. A calendar seems to be an essential component of sedentary life, and that
is confirmed by an immense number of examples from the ancient Egypt and Babylon to any
modern country. Knowledge of the saros cycle provided the ancient priests a dominance over
their peoples, who did not understand the true nature of the solar and lunar eclipses. But, of
course, it is much more than just periodic motion patterns what people may wish to learn from
the starry darkness sprawling overhead every clear night.
Curiosity is one of the distinctive features of primates to which our biological species
Homo sapiens relates. For millions of years the human mind has been polishing its skills to
solve problems of the different complexity level. However, the ability to overcome difficulties
is not yet enough for the survival of the species. The principle of the natural selection strongly
favours individuals with a talent to query the world in order to foresee the problems, not just
deal with their destructive consequences. In other words, curiosity - a quality to ask questions
- and creativity - a quality to find good and novel answers - have been and still remain the
necessary components of our success. This leads us to the second main factor which has
influenced the development of astronomy: a strong desire to understand the essence of the
natural world. One may also wonder about the underlying reasons of this desire, and this is a
reformulated question about human nature. It is sometimes said that people possess a natural
sense of beauty, and therefore the exploration of stars is driven by the aesthetic awareness.
A complementary, but much less poetic, explanation involves a basic psychological need to
control the surrounding environment in order to assure someone’s own safety. The latter might
be achieved through a learning process, as nothing scares more than the unknown. And yet
the beauty of the night sky might have been a far stronger motivation than the anxiety about
its mysteries: one only needs to recall a magnificent view of glimmering constellations with a
band of the Milky Way crossing the sky like a strip of scattered sugar...
Another important question worth mentioning here concerns the human way of thinking.
Evolution made us curious and creative, but we have not deluded ourselves with believing that
these qualities are flawless. The same mechanisms which enhanced human eagerness to ask and
1
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answer questions have simultaneously been constraining it. And the reason is simple: it might
be dangerous to raise too many questions, especially if you are not skilled enough to resolve
them properly. Our world is complicated, the wild nature we all came from is a system with
a tremendous number of parameters, and very often it is difficult or impossible to disentangle
causes and effects without deep knowledge in the field. That’s why evolution also taught us to
be cautious and take complicated phenomena as a whole, because mistakes in this case might
cost one his life. And this helps to understand why people had to go such a long way from
the odd and abstract ideas mixed with myths and brilliant guesses to complicated and verified
theories developed in a framework of scientific method. Being rational, exploring a wide range
of hypotheses, performing experiments and making conclusions based on the results - all of
this is not our natural behaviour, but this is what we have had to learn by ourselves.
Eventually, the very principles of questioning the world about its structure have changed
over centuries: to be a philosopher in the ancient Greece, a mere assertion of a kind “everything
is fire” was enough, while the modern science requires much more efforts from those who want
to explore the nature. And even with all the rationality and skepticism, it is easy to make a
mistake and choose a wrong way, such that the modern science is not free of such flaws as
reproducibility crisis, false positive results, confirmation and publication biases.
In this light, the progress people have done in astronomy since Galelio’s first use of the
telescope is really encouraging. It might already be difficult to imagine that less than a hundred
years ago the relation of the Milky Way to the numerous small nebular objects was yet unclear
and according to the common point of view we lived in a vast stellar system in the center of the
static infinite Universe.
Study of the Galaxy is, in many respects, a fascinating and exciting work. Countless
galaxies fill the space, and though some dreamers believe in remarkable power and ingenuity
of the human intelligence which would allow us to reach other stars and even galactic systems,
the modern science gives us no sign that we would ever be able to investigate any other galaxy
in such details as we can do for the Milky Way. The Galaxy is our laboratory, and though we
are not allowed to carry out experiments on our own, we still have an opportunity to collect
information of a great value for understanding the morphology, formation and evolution of
other galaxies.
This work is a small contribution to the field of galactic astronomy. But just as galaxies
consist of a huge number of individual stars, the full understanding of a phenomenon usually
originates from the solutions of many simplified problems.
1.2 Historical overview1
“WASHINGTON, Nov. 22, 1924 – Confirmation of the view that the spiral nebulae, which
appear in the heavens as whirling clouds, are in reality distant stellar systems, or ‘island
universes’, has been obtained by Dr. Edwin Hubbell of the Carnegie Institution’s Mount
Wilson observatory, through investigations carried out with the observatory’s powerful
telescopes.” The New York Times
The title “Finds Spiral Nebulae Are Stellar Systems: Dr. Hubbell Confirms View That
They Are ‘Island Universes’ Similar to Our Own” might have caught attention of many inter-
ested Americans on that day (though, it is very plausible that in reality this note was overshad-
1During writing of this Section materials from Whitney (1988) and Berendzen and Hoskin (1971) were used.
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owed by more pragmatic topics about economic problems, political news and events from the
private life of prominent people). Whatever impact was of this article on public, the announce-
ment of Edwin Hubble (1889− 1953) officially ended a hot scientific debate of the early 20th
century. His presentation of the work in the American Astronomical Society evoked a wide
response in astronomical community. Indeed, this was a milestone in the history of galactic
astronomy and cosmology: the true picture of our Universe and the place of the Milky Way in
it finally started to shape up after about two centuries of dedicated observations.
* * *
At the dawn of civilization the night sky was a far more magnificent spectacle than it appears
now to modern man. Thus, there is nothing surprising by the fact that the Milky Way in par-
ticular drew the attention of the ancient people and was poetically described in the old myths
and legends. The other objects of the same class visible to naked eye are the Andromeda Neb-
ula and the Magellanic Clouds, which were also known to the ancient cultures. But the main
problem of studying them in the pre-telescope epoch consisted of the lack of information, as a
human eye is not capable of resolving the glow of the nebulae into separate stars. This explains
why the early speculations about the nature of the Galaxy, though they included many correct
guesses revealing the intuition of philosophers, often led in wrong directions: one cannot un-
derstand galaxies without knowing their structure as well as physical laws which govern their
evolution.
Starting from the 16th century, after Galileo Galilei (1564− 1642) used a telescope to
reveal the mysteries of the sky for the first time, it was clear that the Milky Way is a huge
conglomerate of stars. Galilei also observed a number of small nebular objects and assumed
that they consist of stars as well, however with the optical resolution at that time this statement
remained a mere speculation.
At the same time another chain of events was preparing the ground for establishing the
physical law of interaction between massive bodies. Johannes Kepler (1571− 1630) collab-
orated with the Dutch astronomer Tycho Brahe (1546− 1601) who observed the motions of
planets for more then 20 years. After the death of the latter, Kepler inherited and made use
of Brahe’s data. He derived three elegant empirical laws of planetary motions and suggested
that motion of planets along the orbits has something to do with the Sun’s rotation. Galileo
took another step forward and suggested gravity to be a universal force governing the motion
of celestial bodies. Robert Hooke (1635−1703) had already written about the inverse propor-
tionality between gravitational force and distance when Isaak Newton (1642−1727) published
his Principia Mathematica in 1687 and established the inverse square law. Starting from this
point, the way to understanding nebulae and the Milky Way was charted.
Then the actual study of the Milky Way began: the most prominent minds of the epoch
hypothesised about the possible origin scenarios and the present-day structure of the Galaxy.
Thomas Wright (1711− 1786) surmised that the Milky Way has a three-dimensional form of
the ring-shaped disk. The line of thought was developed by Immanuel Kant (1724−1804) who
described the Milky Way as a self-gravitating rotating stellar disk. Almost at the same time
Pierre Simon de Laplace (1749−1827) proposed a model of planetary systems formation from
rotating clouds of gas. This evoked a temptation to draw a parallel between Kant and Laplace
ideas and to conclude that we live in a huge flattened stellar system with the small nebulae
observed here and there on the sky being gaseous clouds involved in the process of planetary
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formation. Thus, in the second part of 18th century two alternative hypothesis came out of all
the earlier speculations:
• Kant-Laplacian: Milky Way is the only system of this kind in the Universe; nebulae
belong to the Milky Way.
• Wright-Kantian: Milky Way is one of many ‘stellar islands’ populating the Universe;
nebulae are other distant galaxies.
Small nebula patches did not seem too interesting to astronomers at that time. Hunting comets
was much more popular, but with the resolutions available both comets and nebula objects
looked vaguely the same, and only registering the proper motion could help to distinguish
them. Perhaps, more than one astronomer was disappointed to know that yet another candidate
for a comet turned out to be some odd nebula. Motivated by a desire to save time in his
comet hunting, Charles Messier (1730−1817) listed 110 nebulae and published the catalogue
in 1774. It contained a variety of objects: open and globular clusters, distant galaxies, planetary
and emission nebulae. There is no wonder that astronomers were later confronted with a series
of confusions and contradictions as they tried to make a choice between Kant-Laplacian and
Wright-Kantian hypothesis with such different objects united under the same term of ‘nebula’.
A breakthrough in the galactic astronomy was made by William Herschel (1738−1822)
who undertook the first systematic survey of the stellar content of the Milky Way and attempted
to reconstruct the shape of the Galaxy. He derived distances from the apparent magnitudes (it
was the best he could do at the time; the first successful parallax measurements were yet to
happen). As a result, the first Milky Way map was drastically distorted and it was still difficult
to decide which hypothesis, Wright-Kantian or Kant-Laplacian, was better.
During the following decades several misinterpreted and also false discoveries were per-
suading the astronomical community to favour the Kant-Laplacian model. With a spectro-
scopic study of the light from the planetary nebulae in Draco, William Huggins (1824−1910)
discovered that it consists of hot gas, but not stars. This news strengthened the Kant-Laplacian
point of view according to which nebulae are gaseous swirls undergoing planetary formation
phase. The second argument came from Harlow Shapley (1885−1972) who derived distances
to the globular clusters and noticed that their distribution has a spherical geometry. With the
Galactic center defined, an estimate of the Galaxy diameter, which was calculated with the
distances measured with the eclipsing binaries method, was found to be 300, 000 light years.
This left no room for doubts that gaseous nebulae belong to our Galaxy. As to those nebulae
which demonstrated the stellar-like spectra, the existence of the systems located outside such an
unimaginably distant edge of the Galaxy seemed absolutely ridiculous. Another strong support
came from measurements of Adriaan van Maanen (1884−1946) who compared photographic
plates of spiral nebulae and claimed to detect their rotational motion implying their closeness.
Eventually, the fourth reassurance concerned nova star in the Andromeda Nebulae detected on
17th August 1885. Under the assumption that Andromeda is an external stellar system similar
to the Milky Way, it seemed impossible to imagine a star with the brightness comparable to the
huge galactic system.
In other words, it was extremely difficult to comprehend the spatial scales of the Universe
and its stellar systems, as well as the power of stellar explosions. Heber Curtis (1872− 1942)
was one of those who disagreed with Sharpley’s picture taking his distances to be overesti-
mated; thus, Curtis assumed the Milky Way to be much smaller with the nebular objects located
outside the Galaxy. The culmination came on the 26th of April 1920, when the so-called Great
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Figure 1.1: Schematic view of the
Milky Way. The flattened component
consists of the thin and thick disks with
the layers of gas and dust also confined
to the Galactic plane. The innermost
region is occupied by the thicker bulge
with the bar and the supermassive black
hole (SMBH) sitting in the Galactic
center (GC). The Galactic disks and
bulge are embedded into the spherical
halo consisting of dark matter (DM)
and old stars. To the Milky Way halo
also belong such substructures as glob-
ular clusters and stellar streams from
the accreted satellite galaxies.
Debate took place in the Smithsonian Museum of Natural History in Washington. The Debate
itself did not give a final answer to the main astronomical question of that time, but shortly
after the answers started to come from different and numerous sources. Edwin Hubble discov-
ered variable stars in Andromeda and calculated its distance, that dispelled any doubts as to
extragalactic nature of nebulae. Measurements of van Maanen were proved to be incorrect (the
phantom shifts of spiral nebula features came from different optical distortions on the image
edges). Understanding of the inner structure of stars was improved, and it was realised that the
bright star in the Andromeda galaxy was not nova though supernova; a catastrophic explosion
destroying the whole star or the most part of it can indeed be as bright as the whole ‘island
universe’. Eventually, in 1952 Walter Baade (1893-1960) distinguished stellar populations I
an II. This led to the recalibration of the distance ladder as Cepheids of different populations
follow different period-luminosity relations. The size of the Galaxy was estimated to be of
100, 000 light years which made our Milky Way an ordinary stellar system among others. Both
the Sharpley and Curtis models of the Galaxy turned out to be partially wrong and partially
right, with the truth lying somewhere in between.
At this point we finish this journey into the history of astronomy and turn our attention to
the picture of the Milky Way as we know it now, in the epoch of large-scale surveys and space
observatories.
1.3 The modern picture of the Milky Way
The Milky Way is a barred spiral galaxy, that, according to the Hubble classification, belongs to
the category of late-type SBbc spirals2. Roughly the Galaxy can be described as a superposition
of several flattened and spheroidal components. To the flattened part belong the thin and thick
disks, as well as gaseous and dust layers. The spheroidal component is represented by the
2The Hubble classification of galaxies originally attempted to explain the galactic evolution based on their
observed morphological features. The proposed scenario outlined the evolution direction from the early-type ellip-
tical galaxies towards the late-type flattened spiral systems. Although this picture was later proven wrong, referring
to ellipticals and spirals as ‘early-type’ and ‘late-type’ galaxies respectively, remains widely used. An alterna-
tive classification worth mentioning here is the de Vaucouleurs three-dimensional scheme (de Vaucouleurs, 1959).
Also significant attempts are being made to develop the classification of galaxies using artificial neural networks,
which would allow to minimise the input expectations and the impact of the human visual perception (Goderya and
Lolling, 2002; Hocking et al., 2018).
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barred bulge and the halo consisting of stars and non-baryonic dark matter (DM) (Fig. 1.1).
Being a part of the Galaxy, we cannot have a look at the Milky Way as a whole, such
that the reconstruction of the Galactic spatial structure and kinematics is challenging and re-
quires precise distance and spatial velocity measurements, alongside with an understanding of
the solar motion and its position in the Galactic disk. Below we summarise the present-day
knowledge of the properties of the Galactic components as derived on the basis of astrometric,
spectroscopic and multi-band observations from the last decades3.
1.3.1 The disk
Being a main reservoir of the stellar content of the Galaxy, the disk component has a com-
plex morphology, chemical composition, and kinematics, which reflect the complexity of the
underlying physical processes driving disk evolution. It spans up to Galactocentric distances
of 15-20 kpc and, perhaps, even further (López-Corredoira et al., 2018). There is numerous
observational evidence implying that the Galactic disk can be separated into two components,
the thin and thick disks, associated with the different mechanisms of formation and/or stages
of evolution. However, this separation remains a controversial topic. The most recent studies
demonstrate that the thin and thick disks have a significant overlap in space and chemical abun-
dance, and also have comparable ages and kinematics (see below). This may imply that our
modern definitions of the two disks is misleading (Hayden et al., 2017), or that an alternative
separation into components can better trace the Galactic evolution (e.g., in Haywood et al.,
2013 inner and outer disks are proposed to replace the traditional thin and thick disk concepts).
The thin disk. The thin disk consists of α-poor metal-rich populations4 of different ages
including the youngest stars. The thin-disk stars show ordered rotation moving on almost
circular orbits around the Galactic center (GC) with a typical circular velocity of ∼ 240 km s−1
(velocity at the solar radius, R0 ≈ 8 kpc) and almost flat rotation curve (see Chapter 4). In a
zero-order approximation the thin (and thick) disk(s) can be assumed axisymmetric and resting
in a steady state; however, there is a number of features that violate this simplified picture.
The youngest thin-disk populations (e.g., OB stars, which are primarily found in open
clusters) trace a well-developed spiral structure. A comprehensive pattern of the Milky Way
spiral arms is still not known in full detail, but its main features are already well-established:
3We note that this overview is not intended to be exhaustive as the field of galactic astronomy is developing
rapidly; also some topics are covered in a biased way and many interesting questions are not discussed, as this
would lead us too far from the main topic of this research.
4 We use a conventional definition of metallicity as the relative iron-to-hydrogen abundance in a given star
compared to the solar value: [Fe/H] = log10[(Fe/H)∗/(Fe/H)], where Fe and H correspond to number of iron and
hydrogen atoms per unit volume. Sometimes we also use the notation Z, which is defined as the fraction of mass in
metals (elements heavier than helium).
The α-elements are chemical elements with even atomic numbers that are produced via the capture of α-particles
in the interiors of massive stars (mostly with masses & 8M) and include O, Mg, Si, Ca and Ti. The short-
lived massive stars produce a certain ratio of the α and iron-peak elements that are subsequently ejected into the
interstellar medium (ISM) during the explosions of core-collapse supernovae (SNe Type II). The long-lived low-
mass stars, on the other hand, contribute mainly to the production of iron-peak elements, and some of them later
explode as SNe Type Ia. Due to the longer evolution of the SNe Type Ia progenitors, the ratio [α /Fe] should decrease
with time; the absolute values of this ratio contain information on the Galactic star formation history, and thus can
be used to discern different star formation phases. The notation [α /Fe] usually refers to the relative abundance of
the iron and a mean over Mg, Si, Ca and Ti, though also combinations of three elements are sometimes used in the
literature to represent α-abundance.
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there are four long logarithmic spiral arms (Churchwell et al., 2009; Vallée, 2014, 2017) that
set up a natural environment for the present-day star formation by producing shock waves
and triggering formation of young stars and HII regions via Jeans instability. The observed
displacement between the spiral arm density peaks identified with gaseous and stellar tracers
(Hou and Han, 2015) supports a quasi-stationary density wave theory (Roberts, 1969; Dobbs
and Baba, 2014) as a mechanism responsible for the formation of spirals in the Galaxy.
The disk plane is known to be warped; although, the starting distance of the warp is still
debated. The authors of Reylé et al. (2009) conclude that the warp starts outside the solar an-
nular, while other studies find that the disk warp takes its origin at Galactocentric distance of
∼ 7 kpc (Drimmel and Spergel, 2001; Schönrich and Dehnen, 2018). Moreover, according to
Schönrich and Dehnen (2018) a smooth monotonous warp alone cannot explain the observed
variations in kinematics of the high-quality data from the Tycho-Gaia Astrometric Solution cat-
alogue (TGAS, Michalik et al., 2015; Lindegren et al., 2016) and Radial Velocity Experiment
survey (RAVE, Steinmetz et al., 2006), but there is an additional wave-like component, that
may take origin from the interaction with the Sagittarius dwarf galaxy on a ∼ 1 Gyr time scale.
The radial structure of the thin disk can be described well by an exponential law with a
scale length of ∼ 2.5 kpc, though the value is sensitive to metallicity (Golubov et al., 2013). The
vertical structure of the thin disk is often assumed to be exponential as well, but the observed
vertical number density profiles have a core near the Galactic plane (Holmberg and Flynn,
2000). The thin disk is characterised by a half-thickness of ∼ 400 pc.
The thick disk. It is generally recognised that the thick disk is an old, α-rich and metal-poor
population formed on a short time scale. The span of this time scale varies significantly over
different studies (4-5 Gyr in Haywood et al., 2013, but less than 2 Gyr with as low as 0.1 Gyr
in the two-infall chemical models from Grisoni et al., 2017, 2018).
The fact that the spiral and S0 galaxies have two-component disks was already evident
from the photometric studies of edge-on galaxies (Burstein, 1979; Tsikoudi, 1979; van der
Kruit and Searle, 1981), though the nature of the thicker and less dense component was still
unclear. The early star counts towards the Galactic poles also identified a second disk compo-
nent in the Milky Way (Gilmore and Reid, 1983, see also more recent results using the Sloan
Digital Sky Survey (SDSS) star counts in Juric´ et al., 2008). The authors found that the vertical
disk density profile cannot be approximated by a single exponential law with a scale height of
300 pc: a second component with a larger scale height of ∼ 1350 pc is needed. The origin of
this additional thick component was associated with the Galactic spheroid flattened in response
to the disk gravitational potential. The first attempts to separate the thin- and thick-disk stars
were based on spatial location and kinematic properties of populations, but these criteria were
recently replaced by a more robust set based on the chemical composition of stellar populations
as more in-depth studies of the chemical properties of the Galactic disk followed the pioneering
star-count papers.
An extensive study of G-dwarfs from the Sloan Extension for Galactic Understanding and
Exploration (SEGUE, Yanny et al., 2009) revealed a bimodality in the α-Fe abundance plane
(Lee et al., 2011). The stars, when separated into two populations according to their chemistry
(α-rich metal-poor and α-poor metal-rich), also demonstrate different kinematics and spatial
distribution, which supports the existence of two independent Galactic disks. Although the
reported bimodality in the abundance plane was questioned (Bovy et al., 2012b,c), the newer
and high-precision spectroscopic data from the SDSS III Apache Point Observatory Galac-
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tic Evolution Experiment (SDSS-III/APOGEE, Eisenstein et al., 2011) confidently confirm the
existence of two peaks in the α-Fe plane and, in other words, two distinct evolutionary epochs.
However, the recent works on the age-metallicity structure of the Galactic disks confirm the
complex interrelation between the thin and thick disks of our Galaxy (Bovy et al., 2016b;
Mackereth et al., 2017). In particular, though the distribution of stars in the abundance plane
is clearly bimodal, when studied in narrow α-Fe bins, the stellar populations show a smooth
transition in terms of scale heights from the thin to the thick disk.
The ratio of the thin- and thick-disk scale lengths is a useful clue to the formation scenario
of the Galaxy. The photometrically defined thick disks of external galaxies are more extended
than their thin disks (Yoachim and Dalcanton, 2006). The same trend is identified for the Milky
Way when the geometric criteria are used to separate the disks (Juric´ et al., 2008). However,
the Milky Way thick disk, defined chemically, is more concentrated than the thin disk; the
corresponding scale length is ∼2 kpc (Bensby et al., 2011; Cheng et al., 2012). This apparent
contradiction is addressed in Minchev et al. (2015) on the basis of hydrodynamic simulations
of several Milky Way-like galaxies. The author shows that at large galactocentric distances a
geometrically defined thick disk essentially consists of the flared thin disk populations, such
that its scale length appears larger than for a chemically defined thick disk.
The thick disk stellar populations are overall more dynamically heated than those of the
thin disk, which can be demonstrated by comparison of their age-velocity dispersion correla-
tions. The authors of Quillen and Garnett (2000) studied F and G stars in the solar neighbour-
hood and reported an abrupt increase in the vertical velocity dispersion for the stars with ages
larger than ∼ 9 Gyr. A similar result is found in Casagrande et al. (2011) for the total veloc-
ity dispersion of the FG(K) dwarfs from Geneva-Copenhagen survey (GCS, Nordström et al.,
2004). This difference in the velocity dispersion of the thin- and thick-disk stars is confirmed by
the recent study of the local sample from the Large sky Area Multi-Object Spectroscopic Tele-
scope (LAMOST) General Survey (Luo et al., 2015) and the TGAS data (Yu and Liu, 2018).
Among other things, the authors of Lee et al. (2011) investigated the tangential velocity Vϕ of
the thin- and thick-disk stars from SEGUE G-dwarf sample in the extended solar neighbour-
hood. They found that in general the stars of a chemically defined thick disk rotate around the
GC more slowly than the thin-disk stars: the thick-disk population lags from the circular motion
by ∼ 40 km s−1, while for the thin disk this lag is only ∼ 10 km s−1 (the values are given for the
solar radius, R0 ≈ 8 kpc)5. Some authors (Haywood et al., 2013; Hayden et al., 2017) reported
an increase of the vertical velocity dispersion with the age of the thick-disk populations. On the
other hand, within the framework of Jeans analysis developed in Sysoliatina et al. (2018a), the
α-rich metal-poor thick disk behaves as a well-mixed kinematically homogeneous population.
There are several formation mechanisms proposed to explain the observed properties of
the thick disk:
1. The thick disk is made of the thin disk-stars:
(a) Some fraction of the early thin disk was heated by the satellite accretion (Freeman,
1987; Villalobos and Helmi, 2009).
(b) The radial migration started to take effect as the transient structures such as a bar
and spiral arms formed during the Galactic evolution (Röser et al., 2008;
5 The difference between the mean tangential rotation velocityVϕ of a stellar population and the circular velocity
Vc at a given Galactocentric distance is the so-called asymmetric drift,Va . The larger values of the asymmetric drift
for the dynamically heated populations relates to the fact that dynamically heated stars move on perturbed orbits
and need in general more time to complete a revolution around the GC (see Chapter 4 for more details).
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Schönrich and Binney, 2009b; Minchev et al., 2015).
2. The thick-disk stars were born outside the Milky Way: this Galactic component is a
debris of the accreted Milky Way satellites disrupted in its gravitational potential (Abadi
et al., 2003).
3. The thick disk formed in situ as a result of gas-rich mergers (Brook et al., 2004) or the
evolution of a clumpy young disk (Bournaud et al., 2009).
The plausibility of the thick disk formation scenarios can be tested with modelling of stellar or-
bital parameters, that can also be reconstructed from the observed kinematics given a plausible
Milky Way gravitational potential. The recent studies of the distribution of orbital eccentricities
are more likely to support the gas-rich merger scenario (Sales et al., 2009; Lee et al., 2011).
Gas and dust. The Galactic disk consists not only of stars, but also of gas from which these
stars form and which they eject back to the interstellar medium (ISM) during their life cycles,
as well as of dust produced in the atmospheres of the late-type giants or during nova and
supernova explosions.
The gas found in the ISM consists primarily of hydrogen and exists in two main phases:
1. Cold molecular gas. It has low temperatures of T≈ 10-70 K and high densities of ρ ≈ 108
m−3 and forms molecular clouds: the environment in which stars born. Molecular gas is
strongly concentrated close to the Galactic plane and traces the spiral structure. Being a
symmetric molecule, H2 does not radiate strongly. For tracing the molecular hydrogen
an emission lines of carbon monoxide CO is used, which is then converted to the density
of H2 assuming an X-factor, a universal ratio between CO and H2 (Dame et al., 2001;
Dame and Thaddeus, 2004; Heyer and Dame, 2015).
2. Warm atomic gas. This phase is characterised by a variety of temperatures (up to a
few 103 K) and densities (can be as low as ∼105 m−3). Atomic hydrogen has a hotter
diffuse component, but also forms HI clouds. The spatial distribution of the atomic
hydrogen can be traced with the 21-cm hydrogen emission line, that originates from a
transition between two ground states of the hydrogen atom differing by nucleus-electron
spins orientations. Atomic gas also traces a spiral structure (Levine et al., 2006a) and,
similarly to the stellar disk, is warped (Levine et al., 2006b).
Dust makes up only ∼1% of the ISM mass, but it nevertheless plays an important role in
Galactic star formation and has an impact on the observed properties of stellar light. Dust par-
ticles provide the necessary conditions for the formation of H2 molecules and their subsequent
condensation into molecular clouds: molecular hydrogen forms primarily on the surface of
dust grains (Gould and Salpeter, 1963; Hollenbach and Salpeter, 1971), which then effectively
shield H2 from the high-energetic interstellar radiation and allow its cooling through particle
collisions.
The stellar light that penetrates through the dusty ISM appears dimmer and redder as the
dust scatters and absorbs the radiation. The average extinction in Milky Way plane outside
of dark clouds is ∼ 1 mag kpc−1. Dust grains re-radiate the absorbed energy in the mid- and
far-infrared (MIR and FIR) wavelength range, such that the distribution of dust can be studied
with the IR satellites and surveys (Schlegel et al., 1998; Drimmel et al., 2003). The most recent
dust maps covering large distance range is based on the Pan-STARRS data (Green et al., 2015,
2018); a new dust map of the solar neighbourhood is presented in Capitanio et al. (2017).
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The broad interstellar absorption bands are used for studying the composition of dust
grains, and corresponding models suggest that the majority of interstellar dust particles are
graphites, silicates and polycyclic aromatic hydrocarbons. As the dust grains also polarise the
stellar light, they have non-spherical shapes and are characterised by anisotropic orientation
following the Galactic magnetic field lines. Thus, the polarised radio emission from the dust
particles can probe the complex structure of the Milky Way magnetic field (Landecker, 2012).
1.3.2 The bulge
The inner region of the Milky Way, within ∼ 3 kpc, is occupied by the bulge. Due to ex-
tremely high extinction in the optical wavelength range in bulge direction6, systematic studies
of the bulge region became possible only after the development of radio and IR astronomy.
IR observations with the Cosmic Background Explorer (COBE) satellite as well as the Two
Micron All Sky Survey (2MASS, Skrutskie et al., 2006) and the VISTA Variables in the Via
Lactea survey (VVV, Minniti et al., 2010) contributed greatly to our current understanding of
the bulge structure and its stellar content. Another important tool for bulge studies is grav-
itational microlensing. Microlensing events are systematically explored in the framework of
such surveys as Massive Compact Halo Object survey (MACHO, Bennett et al., 1995), Optical
Gravitational Lensing Experiment (OGLE, Udalski et al., 2015), and Microlensing Observa-
tions in Astrophysics project (MOA, Bond et al., 2001). Due to a significant (up to a factor of
∼100) amplification of stellar brightness during the lensing event, it is possible to obtain high
signal-to-noise stellar spectrum during relatively short exposure, and by these means we can
study the chemical composition and kinematics of the bulge region.
The Milky Way bulge is now recognised as a boxy peanut-shaped (Dwek et al., 1995;
Wegg et al., 2015) pseudo bulge (Kormendy and Kennicutt, 2004) which formed primarily
from the thin and thick disks material via secular evolution. There is a bar residing in the bulge
oriented at ∼ 27± 2◦ with respect to the line of sight connecting the Sun with the GC (Wegg
et al., 2015). The dynamical model of the bar region presented in Portail et al. (2017) points
to a bar pattern speed of Ωb = 39± 3.5 km s−1 kpc−1. The vertical heating of the bulge is
attributed to the effect of the dynamical vertical instability triggered by the bar at some point
in the past (so-called buckling, Combes and Sanders, 1981). This implies that the bulge is not
a distinct Galactic component but essentially the bar seen edge-on and made of disk stars. This
also means that the bulge as a structure is younger than its stars.
Though the pseudo bulge component dominates the Milky Way bulge, a less dominant
classical bulge, that forms via mergers of gas-rich galaxies or coalescence of giant disk clumps
(Elmegreen et al., 2008; Bournaud et al., 2009), might also be present. This possibility was
tested in Shen et al. (2010) by studying the vertical velocity dispersion of the bulge with the
data from Bulge Radial Velocity Assay spectroscopic survey (BRAVA, Rich et al., 2007). The
authors found that the contribution of the classical bulge component must be less than 8%
of the disk mass and is not necessary to explain the data: the model with a pseudo bulge
alone confidently fits the observed kinematics (see also Di Matteo et al., 2014). Together with
the cylindrical rotation of the bulge (Howard et al., 2009), this sets a strong constrain on the
presence of the classical component in the Milky Way bulge.
A recent study that made use of the ages of 90 microlensed bulge dwarfs, turn-off, and
6In the direction of the GC, extinction is as high as AV ≈ 28 mag, and only in select directions like Baade’s
Window are observations in optical range possible.
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subgiant stars shows that the bulge stars are not exclusively old: ∼ 20% of stars with metallic-
ities between [Fe/H] ≈ −0.5 dex and solar as well as about one-third of stars with super-solar
metallicity are younger than 8 Gyr (Bensby et al., 2017). In terms of chemical abundances the
bulge stars are very similar to the inner disk (Bensby et al., 2017), being somewhat enriched in
different elements. The bulge metallicity distribution is very wide and has multiple (up to five)
peaks (Ness et al., 2013) which are associated with the different components originating from
the different regions of the thin and thick disks, as well as halo and/or classical bulge compo-
nent as discussed in Di Matteo et al. (2014) on the basis of dissipationless N-body simulations.
The same study implies that the the bulge/bar stars of a Milky Way-like galaxy originate from
the distances up to the outer Linbland resonance (OLR)7.
Even though our understanding of the bulge morphology, its stellar population properties
and origin has improved greatly during the last decade, there are still questions to be answered.
What is the age of the bar structure (not the stars it is made of)? Did the bulge have a gas
accretion history different from that of the disk? What was the rate of bar growth at different
epochs?
1.3.3 The Galactic center
The innermost ∼10 pc of the Galaxy harbors the central engine of the Milky Way with a super-
massive black hole (SMBH) residing in its core. Due to a small physical size and remoteness,
the GC is even more difficult to study than the bulge, and is achievable only in X-ray, IR and
radio wavelength ranges.
Within a range of distances of about 2-10 pc from the GC a circumnuclear disk (CND) is
located, a torus-shaped warped disk of warm molecular gas inclined by about 20◦ with respect
to the midplane. It has a mass of 2-5 · 104 M (Mezger et al., 1996) and is supposedly fed
by the mass infall from molecular clouds located further out at ∼ 20 pc and connected to the
CND with several dense gas streamers (Hsieh et al., 2017; Tsuboi et al., 2018). The CND has
complex kinematics: its outermost parts are not in a steady state and fall in to the GC at a speed
of ∼ 50 km s−1 (Oka et al., 2011), while the submillimeter observations in different molecular
emission lines of the innermost ∼ 4 pc show that the inner region of the CND predominantly
rotates at a speed of ∼ 100 km s−1 (Martín et al., 2012). The CND has a sharp inner edge at
∼ 1.7 pc, where a spiral-like structure of ionized gas known as the Galactic Center Mini-Spiral
(GCMS) takes its origin (see Fig. 1.2).
Alongside the gas, a massive stellar agglomerate is located in the GC region. This nuclear
star cluster (NSC) has an effective radius of a few parsecs and a mass of ∼ 107 M (Launhardt
et al., 2002). The bulk of the NSC stars has ages larger than 5 Gyr, but also young OB and
Wolf-Rayet (WR) stars are observed within the inner 0.5 pc from the GC. The origin of these
stars is still a matter of debate. The thin stellar disk of O and WR stars is thought to be formed
in situ as a result of a collision between the gas clumps falling into the GC (Sanders, 1998).
The presence of B stars, which have eccentric and randomly inclined orbits, is often explained
in terms of the binary disruption scenario (Hills, 1988; Bromley et al., 2012; Madigan et al.,
2014).
7Together with corotation and inner Linbland resonances the OLR is one of the fundamental resonances that are
triggered by a bi-symmetric bar. (Binney and Tremaine, 2008; Dehnen, 2000). The OLR occurs when Ωb −Ω(R) =
−κ(R), where Ωb is a steady pattern speed of the bar, Ω(R) is a circular frequency and κ(R) corresponds to the
epicycle frequency. The OLR of the Galactic bar is located at ∼ 6−9 kpc.
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Sgr A*
Figure 1.2: Composite image of
the innermost ∼ 2.3 pc combining
X-ray emission from Chandra X-
ray Observatory (blue) with NIR
and MIR emission from the Hub-
ble Space Telescope (shown in yel-
low and red, respectively). The
GCMS structure is clearly traced
in the MIR wavelength range; the
close-up shows a diffuse X-ray
emission from the most massive
stars of the NSC. Credit: X-ray:
NASA/UMass/D.Wang et al., IR:
NASA/STScI.
A few tens of B stars, typically at distances of 0.01 pc from the GC, form a so-called S-star
cluster. The enclosed mass determined from the observed dynamics of S stars is ∼ 4.3 106 M,
which implies the presence of a SMBH (Gillessen et al., 2017). A radio source Sagittarius A∗
(Sgr A∗) detected with the Very Long Baseline Interferometry (VLBI) is associated with the
SMBH and a dynamic center of the Milky Way.
Sgr A∗ shows very low level of activity in comparison to other galaxies, which is probably
related to a low mass infall rate towards the SMBH. However, such recently detected structures
as radiolobes and Fermi bubbles indicate that the activity of the central engine of the Milky
Way might have been significantly higher in the past and varies with time.
1.3.4 The halo
A spherical component of the Galaxy, which embeds the bulge and the disk, is known as the
halo. The Milky Way halo, similar to the halos of other galaxies, is dominated by DM, but also
includes gas and stars.
Baryonic halo. The stellar halo consists of metal-poor ([Fe/H] . −0.8) old stars, the majority
of which do not show ordered rotation, but move around the GC on highly eccentric, randomly
inclined orbits. The density profile of the stellar halo is usually parametrised with a two-
component power law with power indices of −2.5± 0.3 and −(3.7-5) for the inner and outer
halo, respectively, and a break radius of 25± 10 kpc (Bland-Hawthorn and Gerhard, 2016).
The shape of the stellar halo is found to be not perfectly spherical, but flattened with the value
of flattening parameter being in the range of 0.6-0.8 according to most studies (Deason et al.,
2011; Pila-Díez et al., 2015). The two halo components are believed to have different formation
histories: the inner halo is a result of accretion of few Milky Way satellite galaxies about 10 Gyr
ago; the outer halo was formed more recently via accretion events and, perhaps partly, in situ
via disk heating and star formation from the gas stripped off from the disrupted satellites.
The mass distribution in the halo is not homogeneous. There are numerous chemical
abundance and density substructures in the form of stellar streams as well as ∼ 200 globular
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clusters distributed almost spherically around the GC. The halo is the perfect place to search for
the oldest stars and to study the Milky Way accretion history, as well as to probe its gravitational
potential.
The halo also contains a massive gas reservoir in the form of a hot ionized corona.
At near-plane distances of about 2-15 kpc from the Galactic disk, the infalling hyperveloc-
ity clouds of molecular gas are detected. They are associated with the cooled gas previously
ejected into the halo from the disk during supernova explosions (galactic fountains).
DM halo. About 95% of the total Milky Way mass is made up of DM. This means that
we do not know what the dominant fraction of the Galaxy is made of. In comparison to the
other Galactic components, the DM is definitely much poorly studied as we do not know its
nature, cannot trace its motion or study its spatial distribution by direct methods. We infer its
properties by reconstructing the gravitational potential of the Galaxy via probing kinematics
of the baryonic matter (Chapter 4). The shape of DM halo is still not fully constrained, both
spherical and oblate models are used. Usually the DM halo is characterised by the Navarro-
Frenk-White (NFW) profile (Navarro et al., 1995). However, as it was shown by Binney and
Piffl (2015) on the base of a self-consistent dynamical model of the Galaxy and a sample of
RAVE giants, the NFW profile might be inconsistent with the distribution of DM in the Milky
Way. Further analysis of the RAVE data showed that the DM halo has a centrally heated cored
profile (Cole and Binney, 2017). A strong constrain on the DM halo shape comes from the
analysis of a stellar stream related to the Sagittarius (Sgr) dwarf galaxy. In order to explain the
observed shape of Sgr stream, the triaxial model of the DM halo is proposed, that is flattened
towards the Galactic disk (Vera-Ciro and Helmi, 2013).
1.4 Galaxies in a cosmological context
The age of the Milky Way and other galaxies in the present-day Universe can be estimated
from the ages of their oldest individual stars (i.e., members of the old halo population, long-
lived white dwarfs or turn-off stars), as well as by means of nuclear cosmochronology8. Being
in agreement with each other, different methods imply that the oldest stars in the Milky Way
and the Local Group have ages of & 13 Gyr (Pasquini et al., 2004; Chen et al., 2016; Wagner-
Kaiser et al., 2017; Aguado et al., 2018); this is only slightly lower than the age of the Universe
of ∼ 13.8 Gyr as obtained in the framework of the standard cosmological model with the cold
DM and a nonzero cosmological constant (ΛCDM model) (Planck Collaboration et al., 2018).
In this respect, the structure formation processes, which eventually led to the formation of the
present-day cosmic web with galaxies as its essential ingredient, take their origin in the very
early epoch of the Universe existence; this implies that the full understanding of the evolution
of galaxies can be achieved only with the cosmological context taken into account.
8The method of cosmochoronology uses the observed abundances of radioactive elements to set a limit to ages
of cosmic bodies. A common approach implies that the observed abundances of long-lived radioactive elements
with considerably different half-life periods are extrapolated back in time, under the assumption about their initial
ratios and production rate during galactic evolution.
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1.4.1 The early Universe
According to the present-day cosmological paradigm, which is supported by the numerous
independent observations, the Universe originates from an extremely hot, dense, and compact
state, which is a product of the Big Bang (BB) event dating back to ∼ 13.8 Gyr ago. The earliest
cosmic time which can be addressed in the framework of the modern physics is the Planck time
corresponding to ∼ 10−43 s after the BB. During the earlier evolutionary stage, also known as
the Planck epoch, all four physical interactions remain merged: they have the same strength and
are indistinguishable, such that the theory of quantum gravity would be required to characterise
the state of matter under these conditions. As it is commonly believed, the Universe underwent
a stage of inflation which started around the Plank time, when the gravitational interaction
separated from the merged strong and electroweak forces, and lasted until 10−32-10−33 s after
the BB. During the inflation epoch, our Universe has experienced a violent expansion; as a
result, its size increased by a factor of ∼ e60. Thus, a part of the Universe which is now
available for observations originates from a casually connected region; this naturally explains
the observed large-scale isotropy and homogeneity of matter distribution, as well as flatness
of space (according to the latest results of the Planck satellite, the space curvature is zero to a
1σ accuracy of 0.2%, Planck Collaboration et al., 2018). The driving force of the inflation is
attributed to a scalar field which in the end of inflation stage decays to transfer its energy into
the form of the baryonic and DM particles, as well as radiation. The existence of matter in our
Universe is a result of a slight asymmetry in the number of produced protons, electrons and
neutrons over their antiparticles, such that after annihilation of matter and antimatter a small
fraction of particles remained to form stars, galaxies, and large-scale cosmic structures. The
origin and severity of this asymmetry is fossilised in the baryon-to-photon ratio of ∼ 10−10, and
has not yet been explained within the framework of particle physics.
After all the four interactions had separated from each other and the annihilation of matter
and antimatter occurred, the BB nucleosynthesis (BBN) led to the formation of several types of
light nuclei which finally defined the chemical composition of the primordial raw material of
the first stars. A basis of the BBN theory was established in the pioneering works by Lemaître
(1931), where the Universe was assumed to take its origin from a hot explosion, and Gamov
(1942, 1946), where the processes of element synthesis in the early Universe were addressed;
the theory was further developed in Wagoner et al. (1967). The BBN theory predicts the pri-
mordial synthesis of such light elements as H, D, 3He, 4He, and 7Li. The abundances of these
elements measured in regions with a minimal pollution by the products of stellar nucleosyn-
thesis (such as the oldest stars in the Local Group or gas in distant quasars) are consistent with
the BBN predictions within ∼10%. In overall, the BBN phase results in a primordial hot gas
composed by 75% of H and 25% of 4He, with only negligible traces of other light atoms.
The earliest cosmic epoch which can be observed directly dates back to ∼ 380, 000 yr
after the BB. At that point the temperature of the medium decreased to ∼ 3 000 K, and the re-
combination of hydrogen atoms became possible. From that moment on, the Universe became
transparent for light, as matter and radiation departed from the thermodynamic equilibrium.
The radiation emitted from the surface of last scattering cooled down as the Universe contin-
ued to expand, and the present-day temperature of this cosmic microwave background (CMB)
is only ∼ 2.7 K with the almost perfect black body spectrum. The CMB radiation provides us
an extremely valuable information on the matter distribution in the early Universe, and since its
discovery described in Penzias and Wilson (1965) and interpretation presented by Dicke et al.
(1965), the CMB has been closely studied, both with the help of ground-based interferometry
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Figure 1.3: Cosmic evolution from the BB to the present day. The key evolutionary epochs are shown:
the inflation stage at the end of which radiation and particles were formed, the recombination which
gave rise to the CMB, the dark ages preceding formation of the first stars, the reionization of the
IGM and, finally, the development of the cosmic web with galaxies as its essential component. Credit:
NASA/WMAP Science Team; R. Ellis (Caltech).
and space observatories such as COBE, Wilkinson Microwave Anisotropy Probe (WMAP) and
Planck satellites. The angular variations of the CMB temperature reflect the spatial distribu-
tion of density inhomogeneities at the moment of the last scattering; the relative variations of
the CMB temperature with respect to the mean value are as low as ∼ 10−5 implying the same
order for the relative density fluctuations which became the seeds for the subsequent structure
growth.
The temperature of the primordial gas continued to decrease due to collisional pro-
cesses, ionization, free-free emission and cooling by the molecular hydrogen. Finally, driven
by the Jeans instability, the gas fragmented and collapsed to form the first stars (so-called
Population III), most of which are hypothesised to be extremely luminous, massive, and short-
lived. The intense radiation of these first stars triggered the reionization of the intergalactic
medium (IGM) resulting in intergalactic light absorption which is now observed in the spec-
tra of quasars. The Population III stars also enriched the IGM with heavy elements allowing
much more effective gas cooling; thus, the conditions required for the rapid star formation and
build-up of the first galaxies were set up (see Fig. 1.3).
1.4.2 High-redshift galaxies
Due to the fact that the light propagates with the final speed c, we can ‘see’ the past of our
Universe by observing distant galaxies. From the systematic studies of the galaxies at different
redshifts z9, a general picture of the galactic evolution over cosmic time can be shaped up.
The recent progress in the high-redshift observations is strongly associated with the deep
fields of the Hubble Space Telescope (HST). Several fields of a few acrseconds across were
observed with the effective exposures of the order of tens of hours or days; among those are
Hubble Deep Field (HDF), Hubble Ultra Deep Field (HUDF) and Hubble eXtreme Deep Field
(HXDF, Fig. 1.4) taken in several optical filters and reaching a limiting brightness of ∼ 29-30
mag. As a result, tens of thousands of distant galaxies were identified, many lying at redshifts
z & 5. The spectroscopic surveys with limiting redshifts of z ∼ 1-1.4 such as the Wigglez Dark
Energy Survey (Parkinson et al., 2012), the DEEP2 Survey (Newman et al., 2013) and the
9 The redshift is defined through the observed reddening of a given spectral line which occurs due to the cosmic
expansion, z = λ0/λ−1. Here λ and λ0 are the measured and rest-frame line wavelengths. As the relations between
redshift, cosmic time and distance are model-dependent, the redshift, being a directly measured quantity, is often
used to refer to the distant objects.
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Figure 1.4: HXDF with a side of
∼ 3.4′ shows a patch of the south-
ern sky in the Fornax constellation.
The total exposure time is ∼ 2 ·106 s,
or about 22 days. The HXDF is
composed from a series of images
obtained with HST during 10 years
of observations in nine photomet-
ric bands in optical and NIR. There
are more than 5 500 galaxies iden-
tified at the HXDF. Credit: NASA,
ESA, G. Illingworth, D. Magee, and
P. Oesch (University of California,
Santa Cruz), R. Bouwens (Leiden
University), and the HUDF09 Team.
VIMOS Public Extragalactic Redshift Survey (VIPERS, Garilli et al., 2014) unravel the evo-
lution of the cosmic web structure starting from an epoch when the Universe was about half
of its present-day age. These results also constitute a training set for the SDSS all-sky multi-
band data, which give a systematic overview of ∼ 106 galaxies at redshifts z . 0.8. Addition-
ally, the low-resolution spectroscopic extension of the Cosmic Evolution Survey (zCOSMOS,
Lilly et al., 2009) contains ∼ 10, 000 of galaxies up to redshift z ∼ 3, and the relatively high-
resolution spectroscopy performed by the Multi Unit Spectroscopic Explorer (MUSE, Bacon
et al., 2010) allows to peer into the distant Universe up to redshift z ∼ 6. Our knowledge of the
more distant Universe remains fragmentary; the strong gravitational lensing effects prove to
be highly useful in this distance regime as clusters of galaxies may serve as natural telescopes
to widen our knowledge of the distant quasars and galaxies. The most distant galactic object
with a confirmed redshift known to date is GN-z11 at z = 11.09 (Oesch et al., 2016), which in
a framework of the ΛCDM model corresponds to the first few Myr after the BB.
All this variety of the observational data show that the morphological properties of galax-
ies change with redshift, i.e., with cosmic time. High-redshift galaxies do not fit into the Hub-
ble classification any more. The fraction of irregular galaxies increase steadily with redshift,
and at the same time the galactic disks become more clumpy and overall smaller. The signs
of high activity, intense star formation and intergalactic interactions are also common for the
distant galactic populations. Using light distribution from ultraviolet (UV) to NIR as a proxy
of the galactic star formation, we can explore the cosmic star formation history (Madau and
Dickinson, 2014) which is found to have a peak at z ≈ 2 with the star formation primarily tak-
ing place in progressively lower-mass galaxies as the cosmic time increases (so-called cosmic
downsizing).
Basing on the inferences from the observations of the high-redshift Universe, as well as
on the recent results of hydrodynamic simulations of the galaxies and the large-scale structure
(see Section 1.5.1), the following picture of the overall galactic evolution has crystallised. After
the Population III stars had enriched IGM with heavy elements, such that effective gas cooling
became possible, the first galaxies began to appear. Governed by the gravitational instability,
DM fragmented to form massive halos, where the cold gas then settled. This gas collapsed into
the flattened systems by gaining angular momentum from the tidal torques (Peebles, 1969),
and the rotationally supported disks were formed. These early galaxies continued to grow
due to the infall of intergalactic gas, with the overall disk formation proceeding upside-down
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and inside-out in the vertical and horizontal directions, respectively (see also simulations by
Bird et al., 2013). The increase of the cosmic star formation with time and its subsequent
quenching after z ≈ 2 is induced by an interplay between the overall density decrease due to
cosmic expansion, the gravitational attraction, and the fact that the amount of raw material for
the star formation is finite. The intergalactic interactions, which were even more common in
the past when the intergalactic distances were smaller, led to a hierarchical structure growth
meaning that the most massive galaxies, such as ellipticals, and the large-scale conglomerates,
such as groups and clusters of galaxies, formed later as a result of merging of smaller systems.
During all this time different feedback processes such as explosions of core-collapse SNe and
SNe Type Ia, stellar winds and reionization of environment by the active galactic nuclei (AGN)
played an important role in the evolution of cosmic structures by influencing the dynamical
development of the systems, time-scale of their chemical evolution, or sometimes preventing
star formation, e.g., in the low-mass DM halos (so-called missing satellites problem). So it is
clear, that for comprehensive and successive modelling of the observed galactic properties, a
complex treatment of the cosmological factors and stellar evolution is needed.
1.5 The Galaxy: modelling techniques
In the previous sections we outlined the evolutionary path of the cosmic structures from the
early Universe to the present day. From now on we focus our discussion on the Milky Way
as it is our laboratory for understanding the galactic evolution and testing different aspects of
galactic models in great details.
During the last two decades the amount of data collected on the Milky Way’s stellar con-
tent increased by several orders of magnitude. A typical present-day large-scale survey contains
measurements for millions of objects, and with the European astrometric mission Gaia (Gaia
Collaboration et al., 2016a,b) this number has already increased by another factor of ten. The
core of the best dataset available so far for the Galactic studies includes the 2MASS photome-
try and Gaia (G,GBP ,GRP )-bands (Jordi et al., 2010; Carrasco et al., 2016; van Leeuwen et al.,
2017), proper motions of the PPM-Extended catalogue (PPMX, Röser et al., 2008) and the fifth
US Naval Observatory CCD Astrograph Catalogue (UCAC5, Zacharias et al., 2017), as well as
astrometric parameters of the TGAS catalogue, which are already improved in the second Gaia
data release (DR2, Gaia Collaboration et al., 2018). An extensive information on the stellar
chemical abundances are now available from such spectroscopic surveys as GALactic Archae-
ology with HERMES (GALAH, Martell et al., 2017), the Gaia-ESO (Gilmore et al., 2012) as
well as LAMOST, APOGEE, and RAVE surveys. Thus, we are entering an era when obser-
vational data available for Galactic stellar populations will be not only various and abundant
but also precise enough to make possible the detailed study of the Galactic components and
unraveling their evolution. To achieve these goals, developed and robust methods are required
for a comprehensive analysis of observational data.
The construction of a fully consistent chemo-dynamical model of the Milky Way belongs
to open problems of modern astronomy and is far from its closing. The formation and evolution
of the Milky Way, as well as of any other galaxy, is a result of superposition and interplay of
many physical processes, such that the Galaxy itself can be considered as extremely complex
and composite long-going process. Each individual physical process contributing the galactic
evolution has characteristic time and spatial scales. The main problem that makes galactic sim-
ulations so challenging is not the large number of physical processes to be described, as much
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as the vastness of the distance range covered by their spatial scales. For example, to achieve the
detailed understanding of molecular hydrogen formation on the surface of dust particles or of
the nuclear fusion reactions in stellar interiors, one has to go down to molecular or even nuclear
scales. In order to represent in a model the correct fraction of binary and multiple stars in a
given galaxy, the understanding of matter fragmentation at molecular cloud scale is required.
The secular evolution processes such as stellar radial migration, disk heating or formation of
pseudo-bulge with a bar instability can influence the properties of a considerable fraction of
the galactic disk, which is a kilo-parsec scale. Finally, galaxies do not exist in isolation, but
interact with each other and with the intergalactic environment: major mergers have impact on
the whole galaxy and can completely modify its morphology, kinematics and star formation
activity.
It is not possible for a galactic model to include the detailed treatment of the full range
of scales spanning from angstroms to mega-parsecs, as this would require a tremendous cal-
culation time and a deep understanding of the underlying physics, which in many cases in not
achieved yet. Instead, models use compromise medium spatial and time resolutions, while the
physics on the largest and smallest scales is either modelled in a simplified parametric way
or even ignored when it is justified. The overall aim of the present-day Galactic modelling is
to construct such a model of the Milky Way which would be simple enough to allow a quick
generation of mock samples and, at the same time, would describe all the key properties of the
Galactic populations, treat them self-consistently, and reproduce the observables with a high
level of accuracy. And though no existing model of the Milky Way fulfills all the aforemen-
tioned criteria, a considerable progress has been made in this direction during the last decades.
Below we review the common approaches of the galactic modelling and discuss them in appli-
cation to the Milky Way.
1.5.1 Numerical simulations
Due to the significant improvement of computing facilities during the last several decades,
the numerical tools became one of the most powerful theoretic instruments of the modern
astrophysics. By solving N-body problem numerically, we can trace the dynamic evolution of
systems of very different scales such as planetary systems, stellar clusters, central regions of the
galaxies and their DM haloes, clusters of galaxies and the overall large-scale structure. For the
modelling of the self-gravitating collisional systems such as star- and galactic clusters, which
are characterised by the lifetimes longer than their relaxation time due to two- and many-body
encounters, precise direct N-body simulations are required. In the direct N-body algorythms
no special simplifications are made to intergrate the equations of motion, though one-to-one
particle resolution is not always possible to achieve. Usually, due to a large number of system
members and a long integration times, a mass scaling is required, such that one particle in the
model corresponds to a group of particles (stars) of the real system. As an example of the
direct N-body simulation applied to the Galaxy, a recent high-resolution modelling of the GC
region preformed with the direct N-body code NBODY6++GPU (Wang et al., 2015) can be
mentioned (Panamarev et al., 2018).
In order to use N-body modelling for the large systems, special approaches are developed
to allow simplification of calculation of the gravitational forces. Tree algorythm implemented
in the code GADGET (Springel et al., 2001; Springel, 2005) allows to reduce the number of
particle interactions by building a hierarchical space grid for the force calculation, such that the
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forces from distant particles are averaged over the increasingly larger volumes. The particle-
mesh (PM) code SUPERBOX uses grids of different resolution depending on the region density
and is successively used for the modelling of satellite acretion (Bien et al., 2013).
The pure N-body codes do not account for the gas dynamics which has to be added sepa-
rately in the framework of a hydrodynamic treatment. The most sophisticated numerical tools
are now able to model the gravitational forces, gas dynamics, stellar evolution with different
feedback processes, as well as to account for the magnetic fields. The simulations performed
with such (magneto)hydrodynamic codes, though they are very computationally expensive and
produce not fully consistent predictions depending on the calculation techniques and assumed
physics, give us the most complete insight into formation and evolution of the galaxies. The
large cosmological volumes has been recently modelled in the framework of several projects
such as GADGET-based Millenium simulation (Springel et al., 2005), the Aquarius project
(Springel et al., 2008; Scannapieco et al., 2009), and the Evolution and Assembly of GaLaxies
and their Environments (EAGLE) project (Schaye et al., 2015), as well as the Illustris simu-
lations (Vogelsberger et al., 2014; Sijacki et al., 2015) performed with the moving mesh code
AREPO (Springel, 2010). All of them can successfully reproduce the overall properties of the
large-scale structure and individual galaxies in the present-day Universe, including the flattened
Milky Way-like systems.
1.5.2 Semi-analytic models
Unlike numerical and hydrodynamic simulations, which are time-consuming and need power-
ful computing resources, semi-analytic models (SAMs) can be used for the efficient exploration
of the parameter space. The analytic models are handy tools for predicting quantities of interest
such as star counts, chemical abundances, or spatial motions of stars. And more importantly,
the model input functions such as star formation rate (SFR), age-velocity dispersion relation
(AVR), age-metallicity relation (AMR), and initial mass function (IMF), give us an insight into
the underlying physical processes governing the Galactic evolution.
Many semi-analytic Galactic models rest on the concept of dynamical equilibrium which
implies a stationarity at dynamical time scales. When considering a galaxy as a slowly evolving
system approaching relaxation, we can describe the behavior of such a system with the Jeans
equations and collisionless Boltzmann equation. Using this idea, the first attempt to model
evolution of the Galactic stellar content based on the classical Jeans analysis was made in the
early 80th in Bahcall (1984a,b): the authors studied a vertical structure of the disk constructed
from the several isothermal populations in the presence of a stellar halo. In order to describe
the vertical disk structure they derived a combined solution of the Poisson’s equation and a
vertical moment of collisionless Boltzmann equation. This approach is proved to be extremely
useful and gave rise to a variety of more sophisticated Galactic SAMs.
The most complete and well-developed SAM of the Milky Way is the Besançon Galaxy
model (BGM, Robin et al., 2003, 2012, 2017; Czekaj et al., 2014) which accounts for the stel-
lar, gaseous, and non-baryonic content of the Galaxy, includes non-axisymmetry of the disk
in the form of the bar and the spiral arms, as well as the disk warp. The BGM treats the
density-potential pair self-consistently by solving the Poisson’s equation, such that the spatial
distribution of the Galactic components is governed by the Galactic gravitational potential pro-
duced by these components. Its first version presented in Robin et al. (2003) is implemented in
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the tool Galaxia10 (Sharma et al., 2011) which allows to construct synthetic catalogues of the
Milky Way and to account for the selection effects of different surveys.
Another example of the Milky Way SAM is the TRIdimensional modeL of thE GALaxy
(TRILEGAL, Girardi et al., 2005; Girardi, 2016). The model is designed specifically for star-
count simulations and is able to include into the mock catalogues, besides the Milky Way stars,
also the field galaxies11. The TRILEGAL code does not attempt to reconstruct the Galactic
potential, but generates star counts according to the assumed density profiles of the Galactic
components, as well as the input SFR, AMR, and IMF functions.
Alongside with these chemo-dynamical models, there are also more specific ones focused
explicitly on either Galactic dynamics or chemical evolution.
The Galactic dynamics can be explored in a framework of distribution functions and
integrals of motion12. In this case the modelling approach implies two main phases: firstly,
the Galaxy is assumed to be statistically steady in time and axisymmetric, such that relatively
simple analytic models can be built to study the stellar orbits in a phase-space (Binney, 2012;
Binney et al., 2014); secondly, the derived orbits are perturbed in order to reproduce non-
axisymmetric features (Famaey et al., 2016).
The SAMs are also very useful for investigating the Galactic chemical evolution as, for-
tunately, chemical enrichment across the disk can be well-described analytically. Such models
usually rest on several simplifying assumptions such as instantaneous recycling approximation
(IRA), instantaneous and homogeneous mixing of gas, and independency of the different disk
rings. However, the most recent chemical models also include infall and outflow of the gas, as
well as the radial gas flows (Schönrich and Binney, 2009a,b; Kubryk et al., 2015; Grisoni et al.,
2017).
As every simplified approach, SAMs have their limitations. The axisymmetric Galactic
models cannot simulate spiral arms and bar, as well as such small-scale overdensities as open
clusters. But what is more important, some causal relationships may be lost in SAMs as they
only allow to constrain the shapes of the input functions, but not to identify the corresponding
causes (e.g., in order to quantify a relative impact of the secular evolution and satellite accre-
tion on the disk heating function, full N-body simulations are needed). Nevertheless, SAMs
are useful physically-motivated models which provide us with flexible tools to describe the
dynamical and chemical evolution of the Galaxy, as well as to simulate its present-day stellar
content.
10http://galaxia.sourceforge.net
11http://stev.oapd.inaf.it/cgi-bin/trilegal
12 An integral of motion is a function of the phase-space coordinates x ,v which is conserved along the orbit and
constrains the motion of a body. In case of axisymmetric potential one of the integrals of motion is Lz , a vertical
component of the angular momentum. Two others are action integrals, Jr and Jz , characterising the radial and
vertical oscillations of a given orbit (Binney and Tremaine, 2008).
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The semi-analyticMilkyWay diskmodel
2.1 Local Just-Jahreiß disk model
The semi-analytic chemo-dynamic Just-Jahreiß model (hereafter JJ model) is another instance
of the SAMs’ class; the structure, predictions and development of the JJ model are the main
subject of this work.
As we showed in Section 1.5.2, each Galactic model has its own focus. The main purpose
of the JJ model is to enable a detailed study of the thin-disk vertical structure (Just and Jahreiß, 2010,
hereafter Paper I). The JJ model describes an axisymmetric thin disk in a steady state consisting
of a set of isothermal stellar populations moving in the total gravitational potential. The thick
and gaseous disks, as well as the DM component, are added to the total local mass budget in
order to treat the pair of density-potential fully self-consistently. The input functions describ-
ing the thin disk evolution are SFR, AVR, IMF, and AMR. Below we give the essential details
about our treatment of each Galactic component in the JJ model of the solar neighbourhood.
• Thin disk. The thin disk is constructed from a set of Ns = 480 isothermal mono-age
subpopulations13 with ages in a range of τ = 0-12 Gyr with a fine time-resolution of
tr = 25 Myr14. The dynamical heating of the subpopulations is given by the AVR function
which describes an increase of the vertical velocity dispersion σW ,s with stellar age as
a result of response to the small perturbations in the gravitational potential. As it is
shown in Binney and Tremaine (2008), the effect of stellar ‘collisions’ in galactic disks is
essentially negligible, but other processes such as scattering by spiral arms or encounters
with molecular clouds can lead to the dynamical heating of orbits. We model the thin-
disk AVR as a power law with the vertical velocity dispersion starting at ∼ 5 km s−1
for the newly born stars and increasing up to 25 km s−1 for the oldest subpopulation in
the solar neighbourhood. Another input function of interest is the SFR implemented as
a two-parametric analytic function. When combined with the AVR and IMF, the SFR
function is a powerful tool to change the predicted star counts and age distributions. A
local chemical enrichment in terms of the AMR law, prescribing a monotonous decrease
13 Here and elsewhere the subscripts s,t ,д,h refer to the thin and thick disks, gas, and the DM halo, respectively.
An additional subscript b is used for the bulge later on in Section 4.3.2
14 The relation between the Galactic time and age is simply τ = tp,s − t , where tp,s is the present-day time or age
of the Galactic disk assumed to be 12 Gyr. Thus, time and age are fully interchangeable, and throughout the text we
may refer to the same function in both age and time notations meaning by that a substitution of variables. In case
of the gas age is given by τ = tp,д − t with tp,д = 4.5 Gyr.
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of the iron abundance with age, is added to the model in order to reproduce the observed
metallicity distributions.
• Gas. By analogy with the thin disk, the gas is formally modelled as a set of Nд =
180 isothermal populations that cover age range of 0-4.5 Gyr and are characterised by
a scaled AVR: σW ,д(τ ) = sдσW ,s (τ ) with a scale parameter sд set to 0.65. A constant
‘gas formation rate’ (GFR) is assumed; its value is chosen to match the observed local
present-day gas surface density of Σд0 = 10.4 M pc−2.
• Thick disk. The thick disk is included as a single-birth population of the age of 12 Gyr
with a velocity dispersion of σW ,t = 45.4 km s−1 and a local surface density of Σt0 =
5.6 M pc−2.
• DM component. The spherical isothermal DM halo in a simple thin-disk approximation
is added in a form of another single isothermal component with σW ,h = 140 km s−1 and
Σh0 = 59.9 M pc−2.
All described subpopulations are assumed to be in dynamic equilibrium in the total grav-
itational potential generated by the stellar, gaseous, and DM components of the Galaxy. In
order to obtain a self-consistent potential-density pair, we iteratively solve the Poisson’s equa-
tion written in the thin-disk approximation:
ζ (ϕ) =
∫ ϕ
0
dϕ1√∑
i ρ
′
i (ϕ1)
. (2.1)
Here ζ and ϕ are dimensionless distance from the Galactic plane and the vertical gravitational
potential, respectively:
ϕ = Φ/σ 2e ; ζ =
z
zn
, (2.2)
with σe being the local vertical velocity dispersion of the oldest thin-disk stellar population
and zn playing a role of a ‘natural scale height’ given by z2n = σ
2
e /8piGρs0, where G is the
gravitational constant and ρs0 is the local density of the thin-disk component. Index i in Eq. 2.1
corresponds to summation over the Galactic components, and the radicands ρ ′i are given by the
following expressions:
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.
Values of the scale heights hi are constrained self-consistently during the iteration procedure.
The index j is introduced for shortness and corresponds to a summation over the thin-disk
and gas mono-age populations. The value of ρs,0 is used only for normalisation and does not
influence the results. Function д describes a mass loss due to stellar evolution: for each time t it
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gives the relative mass fraction of a simple stellar population (SSP)15 still existing in a form of
stars (also including remnants). The mass loss function for the SSP with an initial metallicity
Z is an integral:
д(Z ,t) = 1−
∫ tp
0
∫ ∞
m(t )
∆m(Z ,m) dn
dm
dmdt . (2.4)
Here ∆m(Z ,m) is a fraction of stellar mass returned to the ISM in a form of processed mate-
rial as a function of metallicity and stellar mass, dn/dm is the IMF, and m(t) corresponds to a
limiting stellar mass, such that only stars with masses higher than m(t) contribute to the stel-
lar feedback at a given time t . The evaluation of the mass loss function is done with the code
Chempy16 (Rybizki et al., 2017). In this code the asymptotic giant branch (AGB) stars and SNe
Type II are assumed to return their processed material in the end of their life; the correspond-
ing yield tables, prescribing the fractions of the chemical elements returned to the ISM during
stellar evolution, are adopted from Karakas (2010) and Nomoto et al. (2013). The ISM enrich-
ment due to SNe Type Ia explosions is described by the yields from Seitenzahl et al. (2013)
and delay time distribution (DTD) taken from Maoz et al. (2010). For the stellar lifetimes the
values from Argast et al. (2000) are used. The model IMF is a four-slope broken power-law
from (Rybizki, 2018, see Table 2.1). Though being sensitive to the assumed stellar feedback
and lifetimes, as well as the IMF, mass loss function does not vary strongly with a variation of
its input, i.e., this model element is constrained fairly well. In our model, we implement the
mass loss function in several ways:
• A mass loss function of the SSP with a solar-like metallicity, Z = 0.0134, is assumed
for our composite thin-disk component; this simplified treatment is used for analysis in
Chapter 3.
• A composed mass loss function is constructed from д(Z ,t) corresponding to 480 SSPs
with metallicities prescribed by the local AMR; no variation with Galactocentric distance
is assumed in this case.
• The same composed mass loss function is allowed to change with Galactocentric dis-
tance, in consistency with the radial variation of the AMR law (see Section 2.5.3 and
Fig. 2.7).
In Paper I the thin-disk AVR parameters were calibrated against the kinematics of main
sequence (MS) stars from the Hipparcos catalogue (van Leeuwen, 2007) combined at the faint
end with the Fourth Catalogue of Nearby Stars (CNS4, Jahreiß and Wielen, 1997). To constrain
the AMR, the local metallicity distribution of the GCS F and G stars was used. The thin-disk
vertical profile is found to be essentially non-exponential close to the plane, with the size of the
core increasing with age and the overall half-thickness hd = 400 pc. However, kinematic data
alone do not help to disentangle SFR and IMF. Further comparison of the model to the SDSS
star counts towards the north Galactic pole allowed to constrain the SFR (Just et al., 2011,
Paper II). Our best local SFR has a peak at τ ≈ 10 Gyr and can be characterised by the mean and
present-day star formation rate of 3.75 M pc−2Gyr−1 and 1.4 M pc−2Gyr−1, correspondingly.
The IMF parameters were also pinned down with the sample of Hipparcos data combined with
the CNS5 (Rybizki and Just, 2015, Paper III, also Rybizki, 2018). At this stage, the thick-
15A simple stellar population is an assembly of stars born at the same time and in the same environment. The
SSP can be characterised by the IMF, initial chemical composition of its material and age.
16https://github.com/jan-rybizki/Chempy
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Thin disk
SFR(t) = 〈SFR〉 · (t + t0)t
3
n
(t2 + t21 )2
; t0 = 5.6 Gyr, t1 = 8.2 Gyr,
tn and 〈SFR〉 are constrained by the two normalisations :∫ tp,s
0
SFR(t)dt ≡ 〈SFR〉tp,s ;
∫ tp,s
0
SFR(t)д(t)dt ≡ Σs0 with tp,s = 12 Gyr, Σs0 = 29.4 M pc−2
σW ,s (τ ) = σe ·
(
τ +τ0
tp +τ0
)α
with σe = 25 km s−1, τ0 = 0.17 Gyr, α = 0.374
dn
dm
=

k0m
−1.26, mlow <m < 0.5 M
k1m
−1.49, 0.5 M <m < 1.39 M
k2m
−3.02, 1.39 M <m < 6 M
k3m
−2.28, 6 M <m <mup
(mlow,mup) = (0.08,100)M and the coefficients k0−k3 are constrained by
∫ mup
mlow
dn
dm
mdm ≡ 1
[Fe/H](t) =A · logZoxy(t), Zoxy(t) = Zoxy,0 + (Zoxy,p−Zoxy,0)
log(1+q(t/tp )r )
log(1+q) ,
with A = 2.67, [Fe/H]0 = −0.6, [Fe/H]p = 0.02, r = 0.55, q = 2
Gas
GFR(t) = Σд,0
tp,д
, where Σд,0 = 10.4 M pc−2 and tp,д = 4.5 Gyr
σW ,д(τ ) = sдσW ,s (τ ), sд = 0.65
Thick disk
Σt,0 = 5.6 M pc−2, σt,0 = 45.4 kms−1
DM halo
Σh,0 = 59.9 M pc−2, σh,0 = 140 kms−1
Table 2.1: Input functions and parameters of the local JJ model.
disk parameters were also improved. Its local surface density was fixed to 18% of the surface
density of the thin disk, and its scale height was found to be ht = 800 pc.
We note that though numerous recent studies indicate that the thick disk might be more
complex than we assume here (see Section 1.3.1), the topic is still under debate and our simple
treatment of the thick disk remains in agreement with observational constrains (thick disk is
old, dynamically heated, and metal-poor). We are also consistent with the two-infall chemical
models from Grisoni et al. (2017, 2018) who report a short, ∼ 0.1 Gyr, time scale of the thick
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disk formation. In order to disentangle the thin and thick disks in a robust way, we need to
test our model against the extended data sample after the model will be generalised to the
Galactocentric distances other than solar. For now we only allow thick disk to have a scatter in
metallicity (as we did for testing the model against the Gaia DR2 data, see Section 3.5). The
further possible improvements are postponed to the stage of the full extension of the model,
which will also include the detailed chemical evolution allowing to study different Galactic
populations in the chemical abundance plane.
Thus, by studying the solar neighbourhood we arrived at the monotonous AVR and AMR,
the decreasing SFR with a peak at old ages, and a four-slope broken power-law IMF for the
thin disk, as well as the thick disk of single age, scale height and vertical velocity dispersion.
Following the convention established in Paper I-Paper III, we address this best set of parameters
as our fiducial model and use it to study the local stellar populations (Chapter 3).
As discussed in Gao et al. (2013), the median model-to-data deviations over the Hess dia-
grams constructed with the SDSS apparent magnitudes and colours towards the north Galactic
pole are 5.6% for the JJ model, but 26% for TRILEGAL and 20-53% for the old Besançon
model (Robin et al., 2003). In view of this result, the JJ model looks as a promising tool to
study the thin disk populations even when compared to such sophisticated Galactic models as
BGM; the JJ model has a narrower range of free parameters, which then can be pinned down
easier, and allows a detailed description of the thin-disk populations (for comparison, in the
BGM thin disk is represented by only six isothermal components).
In the long term, the development of the JJ model is focused on its robust extension
to the Galactocentric distances beyond solar. The above-mentioned code Chempy is a useful
tool developed for testing chemical evolution scenarios of the Galaxy. Constraining Chempy
parameters with high-quality spectroscopic data and combining it with the radially dependent
SFR and AVR will be the road to build a global Milky Way disk model.
The first steps to the radial extension of the JJ model were already presented in Just and
Rybizki (2016) and Just et al. (2018), while in Koutsouridou (2017) the topic has been dis-
cussed more extensively. In this chapter we discuss the key aspects of the present-day version
of the extended JJ model and describe their practical implementation in the Python code. Fi-
nally, we investigate the predicted properties of the Galactic disk and put our findings in context
of the most recent knowledge of the disk structure.
2.2 Generalisation of the JJ model
For a start, we set a range of Galactocentric distances to be considered in this chapter. The
outer boundary is set to 12 kpc, and this choice is governed by several reasons. First, the
stellar density drops quickly towards the outskirts of the disk; together with increase of helio-
centric distance to these regions, this leads to much less abundant data available for the stellar
populations in the outer disk in comparison to the solar neighbourhood. This implies that the
parameters of the model derived from the calibration against such data may suffer from biases.
Second, the outer disk rests in the gravitational potential well which is shallower in comparison
to the inner Galaxy, and therefore the outer disk is more sensitive to external perturbations from
encounters with satellites. Thus, our assumption about axisymmetery and dynamic equilibrium
may be violated in this region. Taking this into account, we choose to remain within the mod-
erate Galactocentric distances. The inner boundary is set to 4 kpc as at smaller Galactocentric
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Figure 2.1: Assumed radial surface density profiles of the Galactic components as given by Eqs. 2.5-
2.6.
distances kinematics of stars changes significantly being under the influence of the bar, such
that the model assumptions about disk axisymmetry and the dynamic equilibrium are not valid
here as well. So our further discussion of the extended JJ model will refer to the Galactocentric
distances from 4 to 12 kpc and use a step of 1 kpc.
In order to generalise the local JJ model, we make several assumptions about the structure
and properties of the Galaxy:
• We allow three of four input functions which govern the thin-disk evolution to vary with
Galacticentric distance, so they read: SFR(R,t), AVR(R,t), AMR(R,t). The IMF is as-
sumed to be universal, i.e., not changing with time or from place to place, which is con-
sistent with the reported constancy of the Galactic IMF (Offner et al., 2014; Krumholz,
2014).
• The radial surface density profiles of the gas, thin and thick disks are taken to be expo-
nential given by
Σi (R) = Σi,0 exp R−R0
Rd,i
, (2.5)
where the assumed distance to GC is R0 = 8 kpc and the radial scale lengths Rd,i are
2.5 kpc, 1.5 kpc, and 4.5 kpc, respectively. The DM halo in a form of isothermal sphere
corresponds to a power-law radial density profile when taken in a thin-disk approxima-
tion:
Σh(R,z) = Σh,0
R20
R2 +z2
≈ Σh,0
R20
R2
. (2.6)
The corresponding radial surface density profiles of the Galactic components are shown
in Fig. 2.1.
• The thicknesses of both thin and thick disks are assumed to be constant; this is supported
by studies on light distribution of edge-on galaxies (van der Kruit and Searle, 1981;
Bizyaev and Mitronova, 2002).
• Different radial annuli are treated as independent, the radial gas flows and stellar migra-
tion are not allowed in the model. This is most shaky assumption, as the intensity of the
radial migration across the disk remains poorly understood.
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2.3 Structure of the code
In order to implement the assumptions listed above, a new Python code has been developed.
Its structure is illustrated by a scheme in Fig. 2.2. Roughly the calculation process can be split
in two steps: a pre-run, which builds the local model, and a main run, during which the local
model parameters are extrapolated to other distances. Both of the runs include an optimisation
of the integration limit ϕmax as a first step, we therefore start the review of the code from this
routine.
Optimisation of the integration limit ϕmax . In our model the normalised vertical potential
ϕ(ζ ) is obtained by numerical integration of Eq. 2.1 with a subsequent inversion of the function
ζ (ϕ). As we work in the thin-disk approximation, we do not attempt to go further than 2 kpc
away from the Galactic plane, or ζmax ≈ 5. Correspondingly, there is a maximum value of the
normalised gravitational potential ϕmax matching this maximum height. In order to make the
code efficient and not to perform integration for the heights we are not interested in, we need
to set a realistic value of ϕmax before solving the Poisson’s equation. Obviously, ϕmax is a
function of Galactocentric distance, so we optimise this limit of integration at each R.
In the beginning, a large initial value of ϕmax is assumed, usually set to 15. Then Pois-
son’s equation is solved with the input parameters for a given Galactocentric distance under
several crude assumptions. The surface densities Σi (R) are prescribed by the assumed radial
profiles from Eqs. 2.5-2.6; in case of the gas and thin disk they enter in a form of constant
  
Parameters: set 1 
 Local densities: Σi0
 AVRs,g: σe, , α τ0, sg
 SFR: t0, t1
 {IMF, AMR(R0,t)}: via g(R0,t)
Parameters: set 2
 Radial profiles: Rd,i
 SFR: k0, k1 
 AMR(R,t): via g(R,t)
heff,s, ht
Extended JJ­model
 Self­consistent potential­density pair {ϕ(z), ρi(z)} 
 Thin disk of a constant thickness with AVR scaled by σe(R) 
 Thick disk with a uniform scale height with σt(R)  
Age/metallicity distributions/gradients, R-z density profiles, vertical disk heating...
Local pre­run (for R=R0)
 Optimization of ϕmax
 Iteration_1 [Poisson’s Eq.]
Main run (for R ≠ R0)
 Iteration_1 [heff,s=const. && ht=const.]:
 Optimization of ϕmax
 Iteration_2 [Poisson’s Eq.]
Figure 2.2: Structure of the code developed for extending the local JJ model to the Galactocentric
distances R = 4-12 kpc.
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GFR and SFR of the prescribed shape (see Eq. 2.3 and also below). The scale heights of the
thin-disk and gas subpopulations are roughly assumed to be 400 pc and 100 pc for all ages. For
the velocity dispersions and scale heights of the thick disk and the DM halo the local values
are used. Additionally, in order to roughly imitate vertical heating of the thin disk and gas, the
AVR is scaled with σe factor according to an empirical formula:
σe (R) = σe (R0)+3.125(R0−R).
When the Poisson’s equation is solved with this setup, the value ζ ′max corresponding to a chosen
ϕmax is derived which is then used to re-define ϕmax . After several iterations this procedure
converges to give a reasonable value of the integration limit for Eq. 2.1.
Local pre-run of the code. This run of the code is only preparative; it builds the local disk
model with parameters and input functions as given in Table 2.1. After ϕmax is optimised, Eq.
2.1 is solved iteratively with the given input parameters (parameter set_1 in Fig. 2.2). Among
the output values are the effective thickness of the thin disk and the thick-disk scale height,
which are then used as input parameters for the main run of the code.
Main run of the code. In order to extend the model to the distances of 4-12 kpc, the input
functions SFR(R,t), AVR(R,t) and AMR(R,t) must be specified (parameter set_2 in Fig. 2.2).
Our recipe for the SFR(R,t) is to allow its parameters t0 and t1 to be power laws of Galactocen-
tric distance:
t0(R) = t0(R0)+ (R/R0)k0 ; t1(R) = t1(R0)+ (R/R0)k1 . (2.7)
Two new parameters k0 and k1 control the radial change of the SFR shape. We choose their
values in such a way that SFR is peaked at older ages for the inner disk which mimics the inside-
out disk growth process. The SFR and GFR functions are then calibrated with the prescribed
surface densities Σs (R) and Σд(R) (Eq. 2.5, also see Table 2.1).
The AVR(R,t) function is assumed to have a constant shape over the range of Galacto-
centric distances under consideration, but is allowed to be scaled by the parameter σe (R). The
value of σe (R) is constrained iteratively: it is optimised to fulfill the assumption about the con-
stancy of the thin-disk thickness. The scaling factor sд that determines the vertical heating of
the gas is kept constant and equal to its local value (Table 2.1). By analogy, the vertical ve-
locity dispersion of the thick disk is also iterated, such that its scale height remains constant at
all R. The velocity dispersion of the DM halo is assumed to be independent of Galactocentric
distance and equal to the value adopted in the fiducial local model.
The third input function, an enrichment law AMR(R,t), is not so easily determined. As
we show in Section 2.5, one can derive it from the observed metallicity distribution function
of the disk, though this analysis is itself model-dependent. On the other hand, the dynamical
and chemical disk evolutions are only loosely linked to each other: the AMR function, as well
as the IMF, enters our calculation only through the mass loss function д(R,t) and, as a result,
it has much weaker influence on the predicted disk structure than the SFR and AVR functions.
On the other hand, we are highly interested in the radial dependence of the AMR law as this
function can be used to translate the properties of our mono-age disk populations to the space
of metallicity which is, unlike ages, is a directly measured quantity. Thus, in order to solve the
problem, we run the full simulation two times. Firstly, we assume the local enrichment history,
AMR(R0,t), at all distances; this also corresponds to the mass loss independent on R. Then,
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basing on the extended disk model and metallicity distributions of the red clump (RC) stars
from the APOGEE survey (Section 2.5.1), we define the distance-dependent enrichment law.
After this we rerun our code to improve the extended disk model by accounting for the mass
loss function distance dependence.
2.4 Model predictions
In order to demonstrate the sensitivity of our model to the input parameters of the SFR function,
we investigate the predicted disk structure as inferred with the two sets of (k0, k1) values:
(0.5,1) and (0,2). At this stage, we use the mass loss function constructed in accordance with
the AMR at the solar radius and ignore its variation with Galactocentric distance due to the
radial dependence of the chemical enrichment speed and intensity. In order to refer to these
two models we use short notations “k-0.5-1” and “k-0-2”, respectively. Two sets of normalised
SFR functions are shown at the top row of Fig. 2.3 with a colour coding corresponding to
different Galactocentric distances and the vertical dashed lines marking positions of the SFR
peaks. The models differ by the variation of the time scale and intensity of star formation
across the disk. Both models have almost flat SFR for the outer disk, while the shapes of
the functions are significantly different for the inner disk region. The middle panel of Fig. 2.3
shows the vertical heating of the thin disk as obtained for two models. As expected, the vertical
heating increases with decrease of distance, which is a consequence of the assumed constancy
of the disk effective thickness. The model “k-0.5-1” predicts in general stronger variation of
the vertical heating with Galactocentric distance. The bottom row of Fig. 2.3 shows thin-disk
age distributions calculated for the near-plane mass at |z | < 400 pc with the use of derived
vertical gravitational potential, thin-disk scale heights, the AVR and SFR. The shape of the
age distributions is heavily influenced by the assumed SFR, though it is also sensitive to the
distance from the midplane. The mean age at each distance corresponds to a vertical dashed
line illustrating a non-linear age variation across the disk; in case of the model “k-0-2” the
age gradient is more pronounced. Before proceeding to more detailed investigation of the disk
structure, we constrain the AMR basing on the inferences from this first code run.
2.5 AMR as constrained by the APOGEE data
Tracing the overall increase of metallicity with stellar age is not a trivial task. Firstly, high-
quality spectroscopic data with the known distances are required. Secondly, the reconstructed
AMR is intrinsically sensitive to such underlying assumptions as the SFR, IMF and stellar
radial migration. The approach we use here has been presented in Gier (2016) and applied to
the same APOGEE RC sample (see below) in Koutsouridou (2017). Here we use an improved
methodology which allows us to constrain the radial variation of the AMR in a more robust
way.
2.5.1 Data sample
We use the RC catalogue consisting of 29, 502 stars built on the basis of the fourteenth data
release (DR14) of the APOGEE survey. APOGEE is a high-resolution (R∼ 22, 500) NIR spec-
troscopic survey probing the structure of the Galactic disk and bulge. The construction of the
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Figure 2.3: Input and predictions of the extended JJ model. Two columns correspond to different
choices of the SFR parameters k0 and k1. Top. Assumed normalised SFR as functions of Galactocentric
distance. The vertical dashed lines show positions of the SFR peaks. Middle. Thin disk AVR as
predicted by the extended JJ model with the assumed SFR and ander the assumption of the constant thin
disk thickness. Bottom. Thin disk age distributions for |z | < 400 pc. Vertical dashed lines correspond to
the mean age at a given Galactocentric distance.
RC subsample from the APOGEE data was presented in Bovy et al. (2014), and since then the
RC catalogue was regularly updated. Being bright standard candles, the RC stars allow accurate
distance determination: the typical systematic and random errors reported in Bovy et al. (2014)
are less than ∼ 2% and ∼ 5%, respectively. According to Nidever et al. (2014), possible biases
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introduced by the incompleteness of the RC catalogue are effectively removed when the abun-
dance information is used in combination with distance, or within small spatial zones. This
implies that we can avoid complication of our analysis and ignore the sample selection func-
tion, as for our purposes we bin the data into equal-width Galactic annuli. We select our sample
by applying cuts in Galactocentric distances, 5.5kpc < R < 12.5kpc, and distance from the mid-
plane, |z | < 400 pc. By the first criteria we avoid the inner- and outermost disk regions, where
the data are not abundant enough, while the second cut allows to minimise contamination from
the thick disk. The final RC sample contains 15, 560 stars. Fig. 2.4 shows the full APOGEE
DR14 RC data set (grey) and our RC sample (magenta) in the Galactic cylindrical coordinates
R and z.
2.5.2 Methodology
The approach we use here is based on a direct linking of the observed metallicity distribu-
tions to the modelled ages; this allows us to reconstruct the enrichment history at each given
Galactocentric radius R.
Observed cumulative metallicity distributions. We bin our data sample in seven distance
bins of 1 kpc width in the range of Galactocentric distances 5.5-12.5 kpc. The cumulative
metallicity distributions for these bins are plotted at the left panel of Fig. 2.5 (solid colour-
coded curves). As it was shown in Gier (2016), the shape of cumulative metallicity distribution
at the metal-rich end can be described well in terms of the convolution of a true physical
component with a Gaussian core with a dispersion of ∼ 0.1 dex; this Gaussian core represents
observational and systematic errors. In this respect, the most metal-rich parts of the cumulative
distributions at each distance bin do not fit into the framework of our analysis for two reasons:
on one hand, high values of metallicity, [Fe/H] & 0.4, may suffer from systematic biases, while
on the other hand, the most metal-rich stars in at a given distance are associated with the stellar
populations migrated inside-out. The error model, as well as the radial migration, are not
included into this analysis, so we remove the metal-rich parts of the cumulative metallicity
distributions by extrapolating their linear parts to higher metallicities (dashed lines on the left
panel of Fig. 2.5).
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Figure 2.5: Left. Normalised cumulative metallicity distributions for the APOGEE RC sample as cal-
culated in seven distance bins. The overplotted dashed lines show the extrapolation of linear parts of the
distributions used in order to clean the data from the stars potentially affected by the radial migration.
Middle and right. Normalised cumulative age distributions of the modelled RC populations as predicted
by the two tested disk models.
Simulated cumulative age distributions. From the other side, we simulate the RC sample
using our extended JJ model and a set of isochrones from the PAdova and TRieste Stellar
Evolution Code (PARSEC, Bressan et al., 2012, Marigo et al., 2017). We use 56 isochrones
covering metallicity range of Z = 0.0015-0.04 with a step of
∆Z =
{
0.0005, 0.0015 ≤ Z ≤ 0.018
0.001, 0.018 < Z ≤ 0.04
which corresponds to [Fe/H] ≈ −1-0.47. The ages of isochrones are given in logarithmic range
log (τ/yr) = 7-10.08 with a step of 0.02. The range of stellar masses covered by PARSEC
isochrones is 0.06-120 M, from which we select the range of 0.08-100 M as prescribed by
the model IMF (see Table 2.1).
Assuming the local AMR for all distances as a zero-order approximation, to each age-
metallicity pair from the model17 we assign a closest isochrone. The resulting number of the
stellar assemblies generated for each R and characterised by the same ages, metallicities, and
initial stellar masses is ∼ 1.6 · 105. For each stellar assembly j a surface number density N Σ is
calculated by weighting the SFR(R,t) with the IMF. At this step, we have a set of tables where
the mock stellar assemblies are listed, with their surface densities known. In order to separate
the RC sample, we apply the cuts corresponding to the selection criteria used for construction
of the APOGEE RC catalogue and presented in Bovy et al. (2014):
4250 K < Teff < 5250 K;
logд < 2.9 & logд < 0.018(Teff +382.5[Fe/H]−4607)+2.5.
17 At this point, it is useful to define a new notation in order to avoid confusion in the future. From here on
we keep the term ‘subpopulation’ to refer to the thin-disk mono-age isothermal subpopulations. For the additional
splitting in metallicity-mass parameter space we introduce the term ‘stellar assembly’.
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Table 2.2: Coefficients of the linear fit of
the AMR parameters: {[Fe/H]p,r } = a0 +
a1R[kpc].
Model k-0.5-1 Model k-0-2
a0 a1 a0 a1
[Fe/H]p 0.08 -0.02 0.07 -0.09
r -0.09 0.92 -0.11 1.05
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Figure 2.6: Reconstructed AMR(R,t) function as obtained in consistency with the APOGEE RC sample
and the extended JJ model (solid curves). The dashed curves show the enrichment law as extrapolated
to Galactocentric distances of 4-5 kpc.
Then for a fixed R the predicted number of RC stars of each age is expressed by the equation:
N (τ ) =
Nτ∑
j
[N Σj (τ )
2hs (τ )
zmax∑
0
exp
{−Φ(z)/σ 2W ,s (τ )}] , (2.8)
where index j corresponds to different stellar assemblies of the same age and zmax = 400 pc.
Reconstruction of the AMR(R,t) law. In order to reconstruct the AMR(R,t) function, we
assume that the chemical enrichment at each radius proceeded in the form of a monotonous
increase of iron abundance with age. Then we compare the relative stellar numbers N /Ntot
in the observed cumulative metallicity distributions and the modelled age distributions, such
that we read out from them the corresponding values of [Fe/H] and τ . As a result, the radially
dependent chemical enrichment law is obtained. This derivation of the AMR(R,t) function
is done in an iterative way, such that a newly constrained AMR(R,t) law is used to simulate
more robust age distributions during the next iteration. The procedure converges after two
or three runs. The resulting cumulative age distributions as predicted by the two versions of
the extended JJ model are shown at the middle and right panels of Fig. 2.5. Two model-
based sets of AMR(R,t) are plotted in Fig. 2.6 (solid curves). In order to extrapolate our
findings to Galactocentric distances of 4-5 kpc, we fit the obtained curves with a functional
form of the local AMR from Table 2.1 assuming [Fe/H]p and r as free parameters and setting
the [Fe/H]0 value changing linearly from −0.8 to −0.55 from the inner to the outer disk. By
linear extrapolation of the parameters ([Fe/H]p,r ) to the inner disk, we calculate the enrichment
laws for the two innermost distance bins (parameters of the linear fit of [Fe/H]p (R) and r (R) are
given in Table 2.2). However, we note that the chosen fit function cannot reproduce a non-linear
increase of metallicity at young ages (see the right panel of Fig. 2.6); thus, the enrichment laws
of the inner disk might be biased.
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Figure 2.7: Left. Radially dependent mass loss function as calculated with the code Chempy for the
AMR(R,t) based on the model “k-0.5-1”. Right. Ratio of the vertical gravitational potentials calculated
with the constant and radially dependent mass loss functions for the same model.
2.5.3 Mono-age and mono-abundance stellar populations
With the AMR function is now known for different distances, we derive the mass loss function
for all R and then perform an additional run of the code to bring our modelled gravitational
potential in consistency with the chemical evolution of the disk. The new mass loss function
based on our broken power-law IMF and the AMR derived on basis of the model “k-0.5-1” is
shown at the left panel of Fig. 2.7. The right panel of this figure shows the ratio of the vertical
gravitational potentials obtained in the runs with the constant (Section 2.4) and variable mass
loss function. The largest changes are seen near the Galactic plane, but the absolute value of
this difference is only ∼ 1%.
At this point, we can characterise matter distribution across the disk by looking at indi-
vidual mono-age and mono-abundance populations (MAPs). The top panel of Fig. 2.8 dis-
plays scale height as a function of Galactocentric distance for both mono-age populations and
MAPs. The colour-coded curves show every 20th of our 480 isothermal mono-age thin disk
subpopulations; this corresponds to age step of 0.5 Gyr. Both models predict flaring of the
mono-age populations increasing with stellar age. The rate of this flaring is essentially zero
for the youngest subpopulations and is 20 pc kpc−1 and 26 pc kpc−1 for the oldest stars as pre-
dicted by the models “k-0.5-1” and “k-0-2”, respectively. The effect of flaring is also predicted
by the numerical simulations and can be attributed to many different factors including radial
migration caused by the spiral pattern, impart of mergers, or misaligned gas infall (Minchev
et al., 2015). However, stellar ages are not derived easily, so mono-age populations are not
very instrumental in studying the structure of the disk, instead the chemical abundances can
be used to construct MAPs. The black dashed lines overplotted on top of the colour-coded
mono-age populations mark contours of constant metallicity and illustrate the radial change
in scale heights of four MAPs with metallicities of [Fe/H] = −0.4,−0.2,0,+0.2. Due to the
fact that the same metallicity may correspond to different ages at different R, the scale height
profiles of MAPs demonstrate different behaviour in comparison to the mono-age populations.
As one can read out from Figs. 2.8 and 2.6, the metal-poor MAPs are also very close to being
mono-age populations. On the other hand, the metal-rich MAPs are composed from a mixture
of different ages. The mean age (weighted with surface density) for the MAP at [Fe/H] = −0.4
is ∼ 11.6 Gyr or 11.8 Gyr for the “k-0.5-1” and “k-0-2” models, respectively. At the metal-
rich end, [Fe/H] = +0.2, the mean MAP age decreases to ∼ 6.9 Gyr and ∼ 7.3 Gyr, depending
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Figure 2.8: Top row. Radial variation of the 24 mono-age populations as predicted by the models “k-
0.5-1” and “k-0-2” (colour-coded curves). The dashed lines with different markers correspond to the
four MAPs with metallicities of −0.4,−0.2,0.,+0.2. Bottom row. Radial surface density profiles of the
same mono-age populations and MAPs.
on the model. The corresponding values of age dispersion are ∼ 0.6 Gyr and ∼ 0.24 Gyr for
[Fe/H] = −0.4 which increases to ∼ 1.85 Gyr and ∼ 1.6 Gyr at [Fe/H] = +0.2. The MAPs have
negative radial age gradient; the value of this gradient ranges from ∼ 0.48 Gyr kpc−1 or ∼ 0.33
Gyr kpc−1 at [Fe/H] = −0.4 to as large as ∼ 1.97 Gyr kpc−1 or ∼ 1.9 Gyr kpc−1 for the MAP
with metallicity [Fe/H] = +0.2. The subject of the relationship between the mono-age popula-
tions and MAPs was deeply investigated in Minchev et al. (2017) on basis of a chemo-dynamic
model of the Milky Way-like galaxy with inside-out growing disk. For the MAP of [Fe/H]
= −0.3 and [α /Fe] = +0.1, the authors found negative age gradient of ∼ 0.45 Gyr kpc−1 with
an increase of its absolute value for higher metallicities and lower [α /Fe]; they also report an
inversion to a positive age slope which we do not observe in our model. The described com-
plexity of MAPs in terms of age composition leads to a suppression of flaring starting from
some Rpeak which increases with metallicity decrease.
The bottom row of Fig. 2.8 shows the radial surface densities for the same set of mono-
age populations and the four MAPs. The radial surface density profiles of mono-age popula-
tions predicted by the model “k-0-2” can be characterised by a peak distance and a roughly
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exponential decrease in both directions from the peak. The peak position moves outwards for
smaller ages, which is a natural outcome of the input SFR with a maximum of star forma-
tion shifting to younger ages with increase of Galactocentric distance. In case of the model
“k-0.5-1”, which suggests less prominent inside-out growth of the disk, the surface density
profiles can be well-described by a single exponential. The surface density of MAPs is also
exponential for both models. In case of low metallicities, when MAP is also a mono-age pop-
ulation, it follows the surface density profile of a corresponding age. For [Fe/H] & −0.1 the
slope of MAPs becomes larger than the steepest slope of the oldest population, which is caused
by the discussed negative age gradient along each MAP. As a result, MAPs of near-solar and
super-solar metallicities are strongly centrally concentrated with radial scale length changing
from ∼ 2.1 kpc or ∼ 1.6 kpc for [Fe/H] = −0.4 to 1.2 kpc or 1 kpc for [Fe/H] = +0.2 for the
models “k-0.5-1” and “k-0-2”, respectively. However, if we account for the width of metallicity
bins, the corresponding scale lengths increase to fall into a better agreement with observations.
The left panel of Fig. 2.9 displays the surface density profiles of four metallicity bins of
0.1 dex width. The dashed and solid lines correspond to the models “k-0.5-1” and “k-0-2”,
respectively. An extensive study of the observed spatial distribution of MAPs based on the
APOGEE RC sample has been recently presented in Bovy et al. (2016b). A qualitative com-
parison between MAPs properties reported by the authors and our predictions allows us to
conclude that our model, characterised by a prescribed inside-out disk formation and a con-
stant disk thickness, is able to match most of the observational trends of the thin-disk MAPs.
The low-α APOGEE MAPs have double-exponential surface density profiles characterised by
the peak distance shifting inwards with increase in metallicity. Though the radial resolution of
our surface density profiles in Fig. 2.9 is quite rough, the presence of peaks is clearly visible;
they move to smaller Galactocentric distances for higher metallicities. Their positions in case
of model “k-0-2” are comparable to the observed values: for metallicity bins centered at [Fe/H]
= [−0.4,−0.2,0,+0.2] the peak positions lie at Rpeak ≈ [> 12,10,8,5] kpc (the corresponding
values from Bovy et al. (2016b) are Rpeak ≈ [10.5,10,8,6] kpc). Our outer scale length of the
MAP with [Fe/H] = +0.2 is ∼ 1.7 kpc, which is similar to the corresponding value of ∼ 1.5 kpc
for the APOGEE RC surface density profile. The inner scale length of the metal-poor MAP
of [Fe/H] = −0.4 is, however, shallower in our model being ∼ 4.7 kpc in comparison to ∼ 2.5
kpc in Bovy et al. (2016b). The predicted scale heights for these metallicity bins behave some-
what similar to the scale heights of individual MAPs in Fig. 2.8. The stars in metallicity bins
are dynamically colder in the outer disk, though the model “k-0-2” predicts an increase of dy-
namical heating up to break distance, and similar behaviour is also reported in (Bovy et al.,
2016b). However, MAPs in our models have a much more prominent tendency for thinning
with increase of Galactocentric distance than it is observed according to the APOGEE data. As
our model is intrinsically highly sensitive to the choice of the SFR, there is a possibility that
these discrepancies can be overcame by the appropriate choice of input parameters. On the
other side, lack of radial migration in our model may lead to an underestimation of flaring as
inward migrators are known to settle closer to the midplane, while the stars migrating outwards
vertically expand. However, according to some recent studies, the role of radial migration may
be not very important in inducing the disk populations flaring (Vera-Ciro et al., 2016). In either
case, with the extended model now built, we can actively explore the parameter space, calibrate
the model across the disk with the high-quality astrometric and spectroscopic data, as well as
complement it with the code Chempy in order to add a multi-elemental chemical evolution (see
also Chapter 6 for the outlook).
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Figure 2.9: Radial variation of the surface density (left) and scale height (right) for the four metallicity
bins of 0.1 dex width. The solid and dashed lines correspond to the models “k-0-2” and “k-0.5-1”,
respectively.
2.6 Summary
In this chapter we presented the JJ model of the Milky Way disk, generalised it for the medium
Galactocentric distances and discussed the predictions of the two model instances with the
alternative SFR parameters. Here we summarise our results.
• We build the disk model in a range of Galactocentric distances of 4-12 kpc with a 1
kpc step. We assume the radially dependent SFR with a peak of star formation shifting
towards younger ages with increase of Galactocentric distance in order to mimic the
effect of inside-out disk growth. We also assume a constant thickness of the thin and
thick disks, which allows a self-consistent determination of the AVR at all radii.
• Basing on the assumed disk model constructed with a constant mass loss function, we
reconstruct the enrichment history of the thin disk in a range of Galactocentric distances
6-12 kpc from the APOGEE RC sample. This observationally constrained AMR is then
used to allow a radial variation of the mass loss function in order to bring the chemical
and dynamical parts of the model into the full consistency.
• The spatial disk structure is studied via mono-age populations and MAPs. The flaring of
mono-age populations, also predicted by many numerical simulations, is reproduced as
a natural outcome of the assumed inside-out disk growth scenario and a constancy of the
disk thickness. We also show that the relation between mono-age populations and MAPs
is not straightforward, such that only metal-poor MAPs may be also assumed as mono-
age populations, while with the increase of metallicity the age range of MAPs grows.
The model is able to reproduce general trends in the radial dependence of the surface
density profiles and scale heights of the metallicity bins of 0.1 dex width.
• The next step, after this first insight into the properties of a global disk model, will
include in-depth investigation of the model parameter space, as well as its calibration
against photometric and spectroscopic data.
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Chapter 3
Testing the local JJmodel with the Gaia
data18
3.1 Introduction
In this chapter we test the JJ model locally with the high-quality astrometric data from the
TGAS sub-catalogue of the Gaia DR1 and the radial velocities from the fifth data release of the
RAVE survey (DR5, Kunder et al., 2017). As more than one billion stars with high-precision
astrometry of the Gaia DR2 have recently become available (published on 25 April, 2018; Gaia
Collaboration et al., 2018), the impact of Gaia DR2 on our results is also discussed.
Though the JJ model has already been tested and validated, up to now only the MS pop-
ulations were studied in details (Paper I; Paper II). In Paper III the full stellar evolution was
included for the first time; the mock sample was constructed with seven embedded magnitude-
complete spheres with radii up to 200 pc. In this chapter we take another step forward and test
the model predictions in the solar cylinder with a radius of 300 pc and going up to 1 kpc away
from the Galactic plane, with the full stellar evolution included. In this extended volume we
study the vertical gradients in the stellar population densities, investigate Hess diagrams, and
also the vertical kinematics of the sample.
The ideal way to test a Galactic model would be to take a complete sample and compare
the distributions of the observed and modelled stars in parameter space. Of course, this case
never occurs as every Galactic survey has its limitations in magnitudes and/or distances, and
this is quite often accompanied by rather special criteria for target selection. However, one
may construct a sample that is close to being complete within some volume or range of mag-
nitudes and simulate these data by applying simple selection criteria to the model. This simple
approach was used in Paper III. Unfortunately, the thin-disk TGAS×RAVE sample as defined
later in Section 3.2.1 is characterised by a complicated selection function (Section 3.3.5). For
this reason, we choose a forward-modelling technique. In order to motivate our choice of this
approach additionally, we refer to the problem of distance derivation.
One of the main uncertainties that blur our picture of the Milky Way is associated with
the distance determination: for the present-day vast samples the distance estimates are usu-
ally derived from photometry and spectroscopy which results in relatively high uncertainties
18This chapter is based on the paper Sysoliatina et al. (2018b) (accepted for publication in A&A).
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(e.g., see Zwitter et al., 2010; Binney et al., 2014). The astrometric parallaxes measured by
Gaia improve the situation significantly. However, the derivation of robust distances from the
astrometric parallaxes, even as precise as given by Gaia, is still a non-trivial task. One way is to
use the Bayesian method in order to assign each star a probability density function (PDF) that
contains the full information on its distance from the Sun. A caveat of this approach is that it
depends on a prior expressing our independent knowledge on the distribution of stars in space
or with respect to other parameters such as colours or chemical abundances. The derived PDF
is quite sensitive to the form of the prior when the parallax errors become large. A reasonable
choice of the prior may vary for each individual case depending on measured quantites which
are taken into account and the survey selection function (Bailer-Jones, 2015). The Bayesian
distances were recently determined for the TGAS stars (Astraatmadja and Bailer-Jones, 2016)
and for the stars in common between TGAS and RAVE DR5 (McMillan et al., 2018). The al-
ternative and more straightforward way, which we also follow in this chapter, is to compare the
data and model directly in parallax space, with the parallax errors properly modelled.
In the framework of the JJ model, we construct the thin-disk stellar populations in the
local solar cylinder with the full stellar evolution included. For the sample of mock stellar
populations we predict parallaxes as observed in the TGAS×RAVE cross-match, although for
the purposes of illustration, the results are presented as a function of a simple distance estimate
calculated both in the data and model as the inverse observed parallax. We also account for
the reddening with a realistic three-dimensional (3D) extinction model based on the map from
Green et al. (2015) and simulate the complicated selection effects.
3.2 Data
3.2.1 TGAS×RAVE thin-disk sample
To study kinematics and spatial distribution of the thin-disk stellar populations, the full six-
dimensional (6D) information in the dynamic phase space has to be known for individual stars.
The most recent and accurate five astrometric parameters, i.e., positions, proper motions, and
parallaxes, are provided in the TGAS catalogue. The astrometric solution was found by com-
bining Gaia measurements of the first 14 months of the mission and information on positions
from the Tycho-2 Catalogue (Høg et al., 2000). Typical errors for the parallaxes and proper mo-
tions are ∼ 0.3 mas and ∼ 0.3 mas yr−1, respectively. TGAS covers the whole sky and contains
∼ 2 million stars. However, this data sample alone cannot serve for our purposes as it lacks the
radial velocities, which prevents deriving 3D stellar space velocity vectors. This motivated us
to complement TGAS with the information from RAVE DR5, where not only accurate radial
velocities are provided (typical errors are 1-2 km s−1), but also chemical abundances of six ele-
ments as well as photometry from other surveys such as 2MASS and The AAVSO Photometric
All-Sky Survey (APASS, Henden et al., 2009; Munari et al., 2014). The total cross-match be-
tween TGAS and RAVE contains 257, 288 stars19. For these stars we calculate the estimate of
heliocentric distance by inverting the TGAS parallaxes, d˜ = 1/ϖ20. We also transform it to the
distance from the Galactic plane z˜. Using the TGAS proper motions and parallaxes as well as
19The cross-match between catalogues was performed by the RAVE Collaboration, see https://www.
rave-survey.org/downloads
20 Here and elsewhere in this chapter notations with tilde are used to emphasise that a given quantity is related to
the observed distance derived through this simple inversion.
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TGAS×RAVE
Thin disk sample Figure 3.1: Sky coverage of the
data in the Galactic coordinates.
The full TGAS×RAVE cross-
match is shown in grey. The
selected thin-disk sample (blue)
lies below the Galactic plane; its
special shape at b < −50◦ re-
flects the Gaia scanning law pat-
tern.
the RAVE radial velocities, we calculate for each star a 3D velocity in Cartesian coordinates
(U ,V ,W ). The components of the peculiar velocity of the Sun are chosen asU = 11.1 km s−1,
W = 7.25 km s−1 (Schönrich et al., 2010), V = 4.47 km s−1 (Sysoliatina et al., 2018a). Cur-
rently, only the vertical motion of stars is included in the JJ model, such that only the W
component of the spatial velocities is used in practice. We also calculate the observational
errors (∆U ,∆V ,∆W ) with the help of the TGAS error covariance matrix.
The present-day version of the JJ model contains a detailed recipe for constructing the
individual populations of the Galactic thin disk while the other components are added in a
simple way (Section 2.1). Thus, to perform a detailed model-to-data comparison, we need to
construct a clean thin-disk sample from the data. To do so, we apply the following selection
criteria to the TGAS×RAVE cross-match.
1. Geometry cut. We select stars with |b | > 20◦ as the RAVE survey avoids the Galactic
plane and the number of observed stars drops quickly at low Galactic latitudes. As later
we account for the incompleteness of the selected sample, we consider only a special
region on the sky where the selection function of the TGAS catalogue is defined (Bovy,
2017a). We further select only stars below the Galactic plane, z˜ < 0, as after all the cuts
listed in this Section the fraction of stars left above the midplane is only 6.6% of the
total final sample, which can be safely neglected in order to reduce the modelled volume
and thus speed up the calculations. We also restrict ourselves to the local cylinder by
applying d˜ cosb < 300 pc and |z˜ | < 1 kpc. Hereafter we drop modulus in our notation of
height and keep in mind that our model is plane-symmetric and we work in the region
below the midplane. The number of stars left is 51, 234.
2. Parallax cut. About 1.3% of the stars in the TGAS×RAVE cross-match have negative
parallaxes because of the impact of large observational errors on astrometric solutions
for faint and/or distant stars. As a straightforward conversion 1/ϖ is not applicable in
this case, we further include only stars with positive parallaxes, ϖ > 0. Next we select
stars with a relative parallax error smaller than 30%, σϖ/ϖ < 0.3. After this cut, 50,491
stars remain.
3. Photometric cut. We select stars with known (B-V) APASS colour and belonging to
the range of visual magnitudes and colours prescribed by the observation windows of
the RAVE and Gaia surveys: 7 < IDENIS/mag < 13, 0 < (J −Ks )2MASS/mag < 1, and
0 < J2MASS/mag < 14. The remaining sample contains 45, 478 stars.
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4. Quality cut. We set a lower limit to the signal-to noise ratio (S/N ) of the RAVE spectra,
S/N > 30. We also select only stars with alдo_conv , 1, which corresponds to the robust
stellar parameters derived from the RAVE spectra. Additionally, we ensure that only
stars with reliable values of TGAS astrometric parameters enter our sample. For this we
apply the cuts to astrometric excess noise, ϵi < 1, and its significance, D[ϵi ] > 2. At this
stage, 34, 501 stars are left.
5. Abundance cut. To select the stars that can be identified as thin-disk members in chemical
abundance plane, we first apply the cut 4000 < Teff/K < 7000 as only for this range
of effective temperatures the chemical abundances were determined in RAVE (Kunder
et al., 2017). Then the cuts [Fe/H] > −0.6, [Mg/Fe] < 0.2 are added. As discussed in
Wojno et al. (2016), this is a reasonable criterion for the separation of the thin and thick
disks in the RAVE data.
After applying all the selection criteria, we end up with a sample of 19, 746 stars (Fig. 3.1,
blue). The numbers of stars given for each stage of the data cleaning should not be interpreted
straightforwardly in terms of strictness of the applied criteria. Because of the strong correla-
tions between some of the criteria (e.g., cuts 1 and 2), these values are very sensitive to the order
of applying the cuts. Alternatively, all the criteria might be sorted according to the origin of the
quantities and the fractions of stars might be estimated that were removed from the initial sam-
ple due to the problems with TGAS or RAVE or even entries from TGAS and RAVE together.
The corresponding fractions removed from the sample after a simple geometric pre-selection
(300-pc radius, −1000pc < z˜ < 0pc) are 38%, 14.5%, and 22%, respectively.
3.2.2 Data incompleteness
By reducing the TGAS×RAVE cross-match with criteria 1-5, we select a clean thin-disk sample
in the local solar cylinder with high quality of the measured quantities. This final sample is
not representative for the direct study of the vertical disk structure, however: the TGAS and
RAVE catalogues are both incomplete, and the applied cuts make this incompleteness even
more severe. To account for this, we thoroughly examine the sources of possible biases in our
sample and construct its selection function for further practical use.
The final thin-disk sample clearly contains imprints of the selection functions from both
of its parent catalogues. The selection function of the RAVE DR5 depends in general on
I -band photometry, J −Ks colour, and position on the sky, SRAVE(α ,δ , I , J −Ks ). However,
the dependence on colour is relevant only for the low latitudes, 5◦ < |b | < 25◦ (Kordopatis
et al., 2013; Wojno et al., 2017) and is not of primary importance. The selection function
of RAVE DR5, which was derived recently in Wojno et al. (2017) and is used in this work,
ignores the colour dependence, SRAVE(α ,δ , I ). The completeness factor of the RAVE data varies
strongly with the line of sight and visual I -band magnitude. The TGAS selection function
was investigated in Bovy (2017a) and was found to be quite homogeneous over a large part
of the sky. It is defined in terms of 2MASS magnitudes and colours, STGAS(α ,δ , J −Ks , J ).
Because of the properties of the Gaia scanning law, the number of observations per star in Gaia
DR1 is lowest near the ecliptic, i.e., the measured quantities in the near-ecliptic regions are
characterised by high uncertainties and are expected to be most biased by systematic errors.
For this reason, near-ecliptic ’bad’ regions were excluded from the analysis in Bovy (2017a),
such that the TGAS selection function is not defined for the whole sky. We consider only the
region where the TGAS selection function is known (cut 1).
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Figure 3.2: Left. Fraction of stars missing in the solar cylinder of 300 pc radius and 1 kpc height below
the midplane. The orange line corresponds to the contribution from the low-quality stars, and the green
curve gives an upper limit on the fraction of stars that did not enter the final sample because of the
missing chemical abundances. Total fraction of missing stars is shown in blue. Right. The total fraction
of the missing stars as a function of absolute G magnitude and G −Ks colour.
Our selection criteria listed in Section 3.2.1 also add to the total incompleteness of the
final sample. The first cut specifies the geometry of the modelled volume and is of no interest
here. The parallax cut is modelled as described in Section 3.3.4. We also lose stars when
applying the high-quality criteria (cut 4) together with the selection of stars with available
APASS colour (part of cut 3). Finally, not all of the stars in the volume have measurements of
Fe and Mg, even within the safe effective temperature range given. As a result, by applying
cut 5, we also remove a part of the upper main sequence (UMS) and lose thin-disk stars.
To quantify the fraction of the thin-disk stars missing in our final sample, we construct two
additional data sets. The first contains stars with known chemical abundances that are classified
as thin-disk populations but have low-quality or incomplete records (if any condition from cut
4 is not fulfilled or the APASS (B-V) colour is missing). The second data set contains stars
that are unclassified as a results of missing chemical abundances, regardless of the quality of
their spectra and astrometric solution or available photometry. At this point, we can derive a
reliable estimate of the missing star fraction. To find the total number of the thin-disk stars in
some vertical bin that also pass our parallax cut, we sum all the three samples in the following
manner:
Ntot = Nf +Nσ +Nx ·
∑z˜max
z˜min
ρd∑z˜max
z˜min
(ρd + ρt )
, (3.1)
where Nf , Nσ , and Nx are the number of stars in the final, low-quality, and unclassified sam-
ples. The densities ρd and ρt are the local vertical density profiles of the thin and thick disks as
inferred in Paper I and Paper II, respectively (and also the output of the local run from Section
2.3 with parameters from Table 2.1). The two limits z˜min and z˜max are the boundaries of the
corresponding vertical bin. In order to simplify the expression, we drop the dependence on z˜ of
all quantities in this equation. With this estimate we calculate the total fraction of the missing
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stars Ftot as a function of height:
Fσ = Nσ /Ntot ; Fx = Nx/Ntot (3.2)
Ftot = (Nσ +Nx )/Ntot
Here Fσ and Fx are the fractions of stars that are missing in our final clean thin-disk sample
because of the high noise and the absence of chemical abundances, respectively. The fractions
given by Eq. 3.2 are shown in the left panel of Fig. 3.2. All three curves are smoothed with a
window of 10 pc width. After summation over all vertical bins, we find that ∼37% of the total
expected number Ntot are missing in our final sample.
We also examine the fraction of missing stars in the Hess diagram. The right panel of
Fig. 3.2 with the Ftot ratio calculated in colour-magnitude bins for the whole cylinder shows
that the unclassified stars mostly influence the UMS; the LMS and red giant branch (RGB)
regions are affected to a somewhat smaller extent. As it is not fully clear which of the unclassi-
fied stars really belong to the thin disk (the ratio of the thin- and thick-disk densities presented
in Eq. 3.1 is used only to estimate the number of stars, it gives us no clue which population an
individual star belongs to), we do not attempt to use the derived weights of the Hess diagram
as an additional selection function during the modelling procedure. We rather keep it as a key
for understanding the nature of the discrepancies between the data and model when they arise
(see Section 3.5).
Now, treating all the described selection effects as independent, we define a completeness
factor for the TGAS×RAVE thin-disk sample as follows:
S = SQ (z˜)×Sϖ (z˜)×SRAVE(α ,δ , I )×STGAS(α ,δ , J , J −Ks ). (3.3)
Here Sϖ (z˜) corresponds to the selection effect arising from the parallax cut (practical realisation
described in Section 3.3.4). SQ (z˜) = 1− Ftot (z˜) is the additional completeness factor related to
the missing stars problem. All the factors of the selection function except for SQ were applied
at the creating of the stellar populations and calculating of the quantities of interest such as
Hess diagrams or velocity distribution functions, whereas SQ was taken into account at the
post-processing of the results (Section 3.3).
3.3 Model and simulations
3.3.1 Modelling procedure
Before going into the details, we sketch a general overview of the modelling procedure sum-
marising all steps discussed below in Sections 3.3.2-3.3.6.
We start with discretisation of the age-metallicity space and assigning an isochrone to
each age-metallicity pair (Section 3.3.2). After this, we create a cylindrical grid (Section 3.3.3)
and populate each of its space volumes with the predicted types of stars (characterised by
age, metallicity, and mass from the isochrone) and take into account the parallax cut (Section
3.3.4), reddening, the TGAS×RAVE selection function (Section 3.3.5), and the corresponding
abundance and photometric cuts. Then we account for the vertical effect of the distance error
(Section 3.3.6) and investigate the properties of the mock sample as a function of distance from
the midplane (Section 3.4).
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Figure 3.3: Theoretical HR diagrams for the thin disk as predicted by the local JJ model with the use
of MIST isochrones. Five age bins illustrate the contributions from the different thin-disk populations
to the total HR diagram (lower right). The blue box roughly corresponds to the region studied in this
work.
3.3.2 Creation of the stellar assemblies
We start our modelling with thin-disk mono-age subpopulations. Each age corresponds to a
unique value of metallicity as prescribed by the AMR law. We add a Gaussian scatter in metal-
licity σ[Fe/H] = 0.15 dex. Each age τi is then associated with seven metallicities representing
a Gaussian with a mean AMR(τ ) and a dispersion σ[Fe/H]. Each metallicity subpopulation is
given an appropriate weight wk , such that
∑7
k=1wk = 1. In Paper I a similar scatter in metallic-
ity was modelled to reproduce the observed metallicity distributions of Geneva-Copenhagen F
and G stars, which can be interpreted either in terms of observational errors or in terms of real
physical scatter in metallicity of mono-age populations. In the present study the added disper-
sion σ[Fe/H] corresponds to a physical scatter in metallicity as the age-metallicity grid is then
used to select isochrones. This complexity roughly accounts for the effect of radial migration,
which is not explicitly introduced in our model.
The next step is to include the full stellar evolution, which we do by analogy to the
procedure described in Section 2.5.2. We use of the Modules and Experiments in Stellar Astro-
physics (MESA, Paxton et al., 2011, 2013, 2015) Isochrones and Stellar Tracks (MIST, Dotter,
2016; Choi et al., 2016)21. We take a set of 67 isochrone tables that safely cover the whole range
of the modelled metallicities, [Fe/H] = −0.6-0.47. The logarythmic age range of isochrones
belongs to a range of log (τ/yr) = 7-10.08, step is 0.02. Each of the 3 360 stellar assemblies
constructed earlier is associated with the isochrone that has the closest age and metallicity to
the modelled ones. The MIST isochrones cover a range of initial masses 0.1-300 M and we
work in the range of 0.1-100 M according to the limiting masses of our IMF. The total number
21http://waps.cfa.harvard.edu/MIST
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of the stellar assemblies is ∼ 5 · 106. As previously, each stellar assembly j is assigned with a
surface number density N Σj , which is calculated by weighting the SFR with the IMF and ac-
counting for the weights wk . Isochrones also provide us with the present-day stellar masses,
stellar parameters logL, logTeff , logд, and absolute magnitudes in the standardUBVRI system,
2MASS JHKs , and Gaia G band. The resulting table of the mock stellar assemblies with the
stellar parameters, multi-band photometry, and surface densities for the solar neighbourhood
is a basis of the following modelling. The remaining modelling procedure may be briefly de-
scribed as checking which of these types of stars were actually observed in the TGAS×RAVE
cross-match and then were selected by us for the thin-disk sample as well as for further dis-
tributing them in the local cylinder.
The volume number density is calculated by:
NVj (z) =
N Σj
2h(τj ) exp
{−Φ(z)/σ 2W ,s (τj )}, (3.4)
where N Σj is the surface number density of a given stellar assembly, h(τj ) and σW ,s (τj ) are the
half-thickness and the vertical velocity dispersion defined by the AMR for the corresponding
age τj , respectively, and Φ(z) is the total vertical potential at a height z, as predicted by the
fiducial local model. As an example outcome of the local model, we calculated the volume
densities NV at z = 0 kpc for all modelled stellar assemblies and constructed a Hertzsprung-
Russel (HR) diagram for the thin disk in the solar neighbourhood (Fig. 3.3).
Before proceeding to the next steps of the modelling, we pre-select stellar assemblies with
the effective temperatures belonging to the RAVE range (cut 5). An additional pre-selection is
based on the expectations for the range of absolute G magnitudes in the sample, which we set
to −2-10 mag (see right panel of Fig.3.2). The reduced subset of the stellar assemblies used
further during the simulations falls into the blue frame on the bottom right plot in Fig. 3.3.
3.3.3 Sample geometry
To model the geometry of the thin-disk sample, we create a 3D grid in cylindrical coordinates
(r ,θ ,z). To adequately account for the parallax cut (see below), we set the initial radius of the
cylinder to rin = 500 pc. This is larger than we used for the data (cut 1 in Section 3.2.1). The
modelled cylinder extends vertically up to zmax = 1 kpc below the midplane. The region above
the Galactic plane is not included. We bin this cylindrical volume (1) in height z with a step of
∆z = 5 pc, (2) in angle θ , which is measured from the cylinder axis, with a step of ∆θ = 3◦, and
(3) in radial direction r by binning the space in 20 intervals in logarithmic scale. This gives
4.8 ·105 space volumes, but only those of them that correspond to the directions of observations
are used in the actual modelling.
3.3.4 Parallax cut
The distances r and z defining the model grid are not directly comparable to the distance es-
timates derived for the data sample through the inversion of observed parallaxes. In order to
get around the problem, we translate the model true distances into the space of observed paral-
laxes. This allows us to include in the model the same parallax cut as was applied to the data,
and also to account for the distance error effects.
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We split the procedure into two independent steps. First, we apply Eq. 3.5 at fixed z and
translate the model distances to the observed parallaxes. This allows us to reduce the number
of the stellar assemblies left for the modelling at a given height by applying a parallax cut
identical to the one we introduced in Section 3.2.1. Then we reduce the radius of the modelled
cylinder to 300 pc using the distances calculated from the mock observed parallaxes. At this
stage, we treat different z-slices as independent, i.e., the modelled stellar assemblies remain at
their initial height. The fact that a given star is observed at z˜ different from its true distance
from the midplane z is taken into account at the second stage during a post-processing of the
quantities calculated in the different z-slices. This strategy was chosen in order to simplify
the modelling process and speed up the calculations, as it allows us to include the effect of
the distance error in vertical direction at the post-processing stage of the simulations. We now
consider the first step with the parallax cut more closely; the second step is described in Section
3.3.6.
We start with the usual assumption that the observed parallax ϖ is distributed normally
about the true parallax p = 1/d with a standard deviation σϖ depending on the stellar brightness,
exposure time, and number of observations per star. This is a good approximation of the real
shape of the TGAS parallax error distribution which is known to deviate slightly from normality
only beyond ∼ 2σ (Lindegren et al., 2016). Under this assumption, the normalised probability
of the observed parallax ϖ is given by the Gaussian PDF:
P(ϖ |σϖ ,p) = 1
A
exp
[
− (ϖ −p)
2
2σ 2ϖ
]
with A =
√
2piσϖ . (3.5)
An example PDF of the observed parallax is shown in the inset of Fig. 3.4.
At each fixed height z, we have 2 400 volume spaces, as implied by the model grid.
We assume that the parallax error PDF as derived from the TGAS×RAVE cross-match (Fig.
3.4, black histogram) does not depend on parallax or direction of observation (see coloured
PDFs in Fig. 3.4). After this, we can easily assign parallax errors to our stellar assemblies
when modelling the stellar content in each volume space. Then the observed parallaxes can be
derived from the Gaussian distribution in accordance with Eq. 3.5. We perform this separately
for each radial bin in a given z-slice. In summary, at each fixed z, we select a pie of 20 space
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volumes corresponding to the same angle θ and different distances from the cylinder axis, and
in each of them, we reduce the table of stellar assemblies in the following way:
• A random true heliocentric distance d within the given space volume is assigned to each
stellar assembly and then converted into the true parallax p = 1/d .
• Parallax errors σϖ are drawn randomly from the parallax error PDF.
• The corresponding observed parallaxes ϖ are derived as random values from the Gaus-
sian PDF P(ϖ |σϖ ,p).
• The observed parallaxes ϖ are converted into observed distances d˜ = 1/ϖ.
• Cuts identical to those used for the data sample are applied: ϖ > 0, σϖ/ϖ < 0.3.
• Only stellar assemblies with d˜ cosb < 300 pc are selected. This allows us to account for
the fact that the parallax errors cause some stars that lie outside the modelled cylinder to
be observed within it (alternatively, stars that actually belong to the cylinder of 300 pc
radius may appear at larger distance and be excluded from the sample).
• We also remove the stellar assemblies located at |b | < 20◦ to reproduce the spatial geom-
etry of the modelled sample.
The resulting set of tables of the stellar assemblies are then subjected to the TGAS×RAVE
incompleteness factor.
3.3.5 TGAS×RAVE selection function
After the parallax cut is applied, in each space volume at a given z we calculate the visual
magnitudes in the I and J bands as well as colour (J −Ks ) for all the stellar assemblies left.
Apparent or absolute magnitudes in other photometric bands such as B, V , or G are also added
when necessary. Visual magnitudes are calculated with the true model distances d.
The recent progress in mapping the dust content of the Milky Way allowed us to use a
fully realistic 3D extinction model instead of the two-dimensional (2D) map of Schlegel et al. (1998)
(Paper II) or the simple analytic extinction model from Vergely et al. (1998) (Paper III). We im-
plement the 3D dust map from Bovy et al. (2016a)22, which is a combination of 3D extinction
models from Drimmel et al. (2003), Marshall et al. (2006), and Green et al. (2015).
The photometric cuts 7 < I/mag < 13, 0 < (J −Ks )/mag < 1, and 0 < J/mag < 14 are
then applied to the stellar assemblies, in full analogy with the corresponding data selection
criterion (cut 3, Section 3.2.1). The surface number densities of the remaining stellar assem-
blies are weighted with the completeness factor SRAVE × STGAS. For this we bin the stellar
assemblies in I and J magnitudes with the corresponding steps of ∆I = 0.5 mag and ∆J = 0.1
mag as well as in colour (J −Ks ) with a ∆(J −Ks ) = 0.14 mag step. After this, we calculate the
resulting stellar number in a given grid cell by converting the surface stellar densities N Σj into
NVj in accordance with Eq. 3.4 and multiplying the volume density by the volume of the cell.
With the known number of stars as well as their multi-band photometry, ages, and metallicities
we can predict the vertical density laws for different populations, calculate vertical kinematics
with the AVR, and study the modelled sample in the colour-magnitude plane.
22https://github.com/jobovy/mwdust
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3.3.6 Vertical distance error
At the stage of post-processing the results, when the quantities of interest are calculated for
different z, we also account for the effects of the distance errors in the vertical direction. To do
so, we introduce a probability P(z˜ |σz ,z), which defines a likelihood for a quantity Q calculated
at its true z to be observed at another height z˜ given a corresponding vertical error σz . In order
to derive the P(z˜ |σz ,z) expression, we rewrite Eq. 3.5 in terms of heliocentric distance:
P(d˜ |σd ,d) = 1
B
exp
[
− d
4
σ 2d
(1/d˜ −1/d)2
]
with B =
∫ ∞
0
P(d˜ |σd ,d)dd˜, (3.6)
where d˜ and d are the observed and true heliocentric distances and σd is the distance error. At
this point, we need to know how both distances as well as the distance error correspond to the
true and observed heights, i.e., the functions of interest are d˜(z˜), d(z) and σd (z). The first can
be easily derived from the thin disk sample itself (blue curve in Fig. 3.5). Its behaviour is ruled
by the sample geometry. Owing to the cut |b | > 20◦, close to the midplane the radius of the
cylinder grows linearly with z˜ until it reaches 300 pc, so that the mean distance d˜ increases
almost linearly with height. At large z˜, the mean distance asymptotically approaches z˜. The
function d(z) can be calculated within the model framework, but for our accuracy, it is sufficient
to use an approximation d˜(z˜) ≈d(z). Then the distance error is estimated as σd (z)= 1/d2(z) ·σϖ
with a constant σϖ = 0.3 mas, which is a typical parallax error of the TGAS catalogue (magenta
curve in Fig. 3.5).
The vertical effect of the distance error is illustrated in Fig. 3.6. The colour-coding
represents the normalised probability P(z˜−∆z/2 < z˜ < z˜+∆z/2|σz ,z). The two projections
of this diagram are of special interest. The vertical projection, calculated for a true height
z = 500 pc, gives a skewed PDF that describes a likelihood for a star located at z to be observed
at other heights z˜, P(z˜ |σz ,z). The horizontal projection shown for the same but observed height
z˜ = 500 pc describes the impact from the different vertical bins on a given z˜, which is expressed
with the PDF P(z |σz , z˜). While the maximum of the probability density P(z˜ |σz ,z) belongs to a
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Figure 3.5: Mean observed
heliocentric distance d˜ versus
height z˜ as derived from the
data (blue curve). The thin-disk
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Figure 3.6: Diagram showing the vertical effect of the distance error. The normalised probability for a
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geometry and the typical distance errors from Fig. 3.5 is colour-coded. The horizontal and vertical
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The skewness of the two distributions results in two effects: (1) an individual star is more likely to be
observed at a height larger than its true distance from the midplane, and (2) the observations at some
z˜ are more likely to be affected by smaller heights. The magenta lines in the projection subplots show
distribution maxima.
slightly larger height than the corresponding true z, the shift is opposite in case of P(z |σz , z˜):
a star observed at a given z˜ most probably belongs in reality to a smaller height. It is also
clear that the vertical effect of the distance error is negligible close to the midplane, where the
distance errors are small, and has the largest impact on the location of the most distant stars.
We also have to consider heights larger than zmax = 1 kpc in order to allow the stars to not just
leave the cylinder, but also to enter it from the larger heights (in full analogy with the radial
direction, when we first consider a cylinder of a larger radius and then cut it to 300 pc after
allowing stars to migrate horizontally due to the distance error effect). However, as the stellar
density decreases approximately exponentially with increasing height, we expect the effect of
not including z > zmax to be very small except in the most distant parts of the cylinder, so we
do not model it.
Finally, we write
P(z˜ |σz ,z) = P(d˜(z˜)|σd (z),d(z)). (3.7)
With Eq. 3.7 we calculate the quantities of interest as functions of observed height z˜:
Qz˜ = SQ (z˜) ·
zmax∑
z=0
QzP(z˜ |σz ,z) (3.8)
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Here an additional and final correction is included in the form of the SQ (z˜) factor discussed in
Section 3.2.2. Alternatively, when we wish to derive the model predictions in the horizontal
slice of a thickness of |z˜2− z˜1 |, we write
Qz˜1<z˜<z˜2 =
z˜=z˜2∑˜
z=z˜1
Qz˜ . (3.9)
Eq. 3.8 and 3.9 are used to account for the vertical effects of the distance error for the mod-
elling of the stellar density laws and vertical kinematics. An alternative procedure for the Hess
diagrams is presented in Section 3.4.3.
3.4 Results
3.4.1 Vertical density law
The first and most straightforward test that can be conducted with the JJ model is a comparison
of the observed and predicted vertical density profiles because the primary focus of the model
is the vertical structure of the stellar populations in the disk. By following the steps described
in Sections 3.3.2-3.3.6, we calculate the vertical stellar density law for all stars in the cylinder,
n(z˜) =NVz˜ /Vz˜ withVz˜ being the volume of the corresponding vertical bin. The top panel of Fig.
3.7 shows the stellar number density as calculated from the data (blue line) and as predicted
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by the model (violet and red curves). The final model prediction is plotted in red, while the
violet curve is given for comparison to show the number density law as predicted without the
impact of the vertical distance error taken into account. The procedure of weighting the model
output with the PDF P(z˜ |σz ,z) results in migration of stars to larger observed heights z˜, which
in turn leads to a better consistency with the data far from the midplane. On the other hand, the
effect is very small close to the Galactic plane, predictably in view of the negligible distance
error in close vicinity to the Sun (Fig. 3.5, top panel). The observed and modelled density
profiles agree well at all heights, which also implies a good agreement in the local region close
to the Galactic plane where the model is well calibrated and is therefore expected to produce
robust predictions. By analogy to the vertical profiles, we derive a distribution of stars over
the observed heliocentric distances, that allows us to quantify the model-to-data agreement in
spherical volumes as well. The error in the predicted stellar number within a 25 pc local sphere
(considered for the model calibration in Paper III) is ∼6%. However, we note that the actual
number of observed stars in this volume is smaller than ten, such that the statistics is strongly
influenced by Poisson noise.
When investigated in terms of the cumulative number of stars as a function of observed
height, the model and data demonstrate 7.8% disagreement at z˜ = 1 kpc (Fig. 3.7, middle
panel). The ratio of the observed to the modelled stellar number in individual vertical bins as
shown in the bottom panel of Fig. 3.7 helps to understand the systematic trends in the model-
to-data differences. The ratio is close to unity over a wide range of heights, which means that
the robustness of the modelled vertical profile and our treatment of the stars that are missing in
the volume as a results of the lack of chemical abundances and low quality of other parameters
are reliable (Fig. 3.2). It is also clear that starting from ∼ 600 pc, the Poisson noise begins to
dominate star count statistics in the bins. From a height of approximately 800 pc, the number
of stars is systematically under-represented in the model. Consistently, we expect this region
to be biased in our simulation as we do not model stars at heights larger than 1 kpc and thus do
not account for their possible presence in our sample owing to the large distance errors.
It is also interesting to perform a comparison in the space of observed parallaxes in order
to validate our two-step treatment of the parallax uncertainties and the vertical distance errors.
Following our standard steps, we calculate the parallax distributions at individual model heights
z and then weight the results with the corresponding probabilities P(z˜ |σz ,z) and completeness
factors SQ (z˜). The final distribution is shown in Fig. 3.8. Both data and model are normalised to
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the total number of observed and predicted stars, such that the shapes of the distributions can be
clearly compared. We find a very good agreement between the two curves which demonstrates
the reliability of our forward-modelling approach.
3.4.2 Vertical kinematics
It is illustrative to test the model performance in terms of the vertical kinematics that was orig-
inally used to calibrate the model parameters (Paper I). Again, following the routine described
in Sections 3.3.2-3.3.6, we evaluate for each observed height z˜ the velocity distribution func-
tion f (|W |) as a superposition of Gaussians with the standard deviations given by the AVR. We
consider the absolute W-velocities in a range of 0-60 km s−1 with a step of ∆|W | = 2 km s−1.
The width of the step was selected such that it allows tracing the shape of the velocity distribu-
tion function but at the same time is larger than the typical observational error in the velocity
bin. Following Eq. 3.9, we model f (|W |) in six horizontal slices probing the dynamical heating
of the disk as a function of distance from the midplane. The observed and predicted normalised
velocity distribution functions calculated for the different ranges in z˜ as well as for the whole
cylinder are shown in Fig. 3.9. Green points represent the data with the error bars calculated
as standard deviation of the Poisson distribution. The red curves are the model predictions. In
general, there is a very good agreement between the observed and modelled vertical kinemat-
ics of the sample. The total predicted f (|W |) (Fig. 3.9, right plot) is consistent with the data
within 1σ at almost all |W |. This is also true for the velocity distribution functions compared
to the data at different heights (Fig. 3.9, three left columns). A noticeable discrepancy appears
in the two lowest bins, for 0 pc < z˜ < 100 pc and 100 pc < z˜ < 200 pc, where the fraction of
the dynamically cold populations is underestimated in our model. In general, a trend with the
height is clearly evident: with the increase of the distance to the midplane, the shape of f (|W |)
becomes less peaked at small |W |. This is a natural and straightforward result as more dynami-
cally heated populations reach larger distances from the Galactic plane because their velocities
are higher.
We also compare f (|W |) in four magnitude bins, for which we select different parts of
the MS (CMD in Fig. 3.10). The bin ranges are the same as used in our previous work
(compare to Fig. 3 in Paper I). The CMD shows the whole TGAS×RAVE thin-disk sample
colour-coded with the RAVE metallicity. One can see that there is a metallicity gradient across
the MS is visible such that each of the defined magnitude bins contains a mixture of stars
with different metallicities and ages. To model f (|W |) for the selected magnitude bins we
add the same colour-magnitude cuts to the calculation procedure and remove the stars that
do not fall under the given criteria after adding the reddening, at the stage of applying the
TGAS×RAVE selection function (Section 3.3.5). The remaining calculation procedure is the
same. The velocity distribution functions for the MS also show a good consistency with the
data (Fig. 3.10, left), though the model slightly underestimates the role of the dynamically cold
populations for the bin 3.5mag <MV < 4.5mag.
3.4.3 Hess diagrams
In order to achieve a deeper insight into the space distribution of the thin-disk populations,
we also investigate the modelled cylindric volume in the 2D colour-magnitude space, i.e., by
building Hess diagrams. We use the Gaia G and 2MASS Ks filters and construct the Hess
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Figure 3.9: Normalised velocity distribution functions f (|W |) for the six horizontal slices (3×2 plots
on the left). The right graph shows f (|W |) for the whole modelled cylinder.
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Figure 3.10: Normalised velocity distribution functions f (|W |) for the different MV cuts. The selection
of the MS stars and separation into magnitude bins is shown on the right, where the CMD of the full
TGAS×RAVE thin-disk sample is plotted with APASS photometry and the RAVE metallicity colour-
coded.
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diagrams in (G −Ks ,MG ) within the range of colours and absolute magnitudes of −0.5-3.5
mag and 9.5-1.5 mag, respectively, with corresponding steps of ∆(G −Ks ) = 0.05 mag and
∆MG = 0.14 mag. The typical uncertainty of the visual G-band magnitude is ∼ 0.003 mag and
for the colour (G −Ks ), it is larger by about a factor of ten, ∼ 0.025 mag. Both values are well
within our resolution on the Hess diagram axes, thus the choice ofG and Ks photometry allows
us to construct high-quality Hess diagrams without the need to complicate the simulations by
adding photometric errors.
The calculation procedure in this case differs from the one described previously at the
stage of accounting for the vertical distance error. For each modelled height z, we visualise the
stellar content of this thin horizontal slice on the colour-absolute magnitude axes. The absolute
magnitude is itself a logarithmic function of the distance related to z through d(z) (Fig. 3.5).
This additional distance dependence is the reason why we cannot model the resulting Hess
diagram by appropriate weighting of the predictions calculated at the true heights in accordance
to Eqs. 3.8 and 3.9, as we did for the other quantities. In order to account for the impact of
the populations lying at some true height z1 on the Hess diagram modelled for the height z2,
we take into account that the populations from z1, when observed at z2, has different absolute
magnitudes shifted by ∆M = 5log (z1/z2). Thus, the vertical error effect adds a spread on the
vertical axis on the Hess diagram.
To approach the problem, we rewrite Eq. 3.7 in terms of the absolute magnitudes:
P(M˜ |σM ,M) = 1
C
exp
[
− 1
2
( 5
ln10σM
)2 (
100.2(M˜−M )−1
)2]
(3.10)
with C =
∫ ∞
−∞
P(M˜ |σM ,M)dM˜ .
Here P(M˜ |σM ,M) gives the probability of a star with the true absolute magnitude M to be
associated with another magnitude M˜ given a magnitude error σM . The error in the absolute
magnitude is a function of distance, i.e., of the height above or below the midplane:
σM =
5
ln10d(z)σd (z) (3.11)
Now, we can smooth the Hess diagrams predicted for the different true heights z by taking the
corresponding magnitude errors σM (z) from Eq. 3.11. We refer to the value in some row of the
Hess diagram calculated for a given z as HM . Then the smoothing procedure can be expressed
as
H˜M =
M=M2∑
M=M1
HMP(M˜ |σM ,M). (3.12)
The limits M1 and M2 are related to the range of the heights of interest z˜1 < z˜ < z˜2:
M1 =M +5log (d(z)/d(z˜1)) (3.13)
M2 =M +5log (d(z)/d(z˜2))
The Hess diagram H˜ smoothed in such a way shows where in the absolute magnitude-colour
plane the populations from the height z will appear when the range of observed heights |z˜2− z˜1 |
is considered. The resulting Hess diagram for the given range of heights can be evaluated as a
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sum over all H˜ :
Hz˜1<z˜<z˜2 =
∑
i
SQ (zi )H˜i . (3.14)
We construct Hess diagrams for the same six vertical bins as were used in Section 3.4.2.
Both observed and modelled Hess diagrams are additionally smoothed with a window 0.1×
0.28 mag2 (2×2 bins in (G −Ks ,MG )). The results are plotted in Fig. 3.11. The two left
columns show the Hess diagrams as derived from the data and predicted by the model given
for increasing z˜ (top to bottom). A pronounced vertical trend appears: close to the Galac-
tic plane, the LMS stars dominate; at the middle heights, the contribution of the the UMS
becomes important and RGB stars appear as well; and starting from z˜ ≈ 400 pc, the stellar pop-
ulations in Hess diagrams are represented by UMS and RGB alone. All these changes are very
confidently traced in the model. The right column in Fig. 3.11 shows three plots for the whole
modelled cylinder (top to bottom) corresponding to the observed and predicted Hess diagrams,
as well as their relative ratio calculated with the suppression of noise in the almost empty bins.
The relative ratio plot demonstrates a general good agreement between data and model as it
has already been inferred from investigating the vertical number density profiles, although a
comparison in 2D space reveals the sources of model-to-data differences in more details. The
typical model-to-data deviations over the Hess diagram are found to be ±20%, with the red
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regions indicating the problematic areas (see Section 3.5).
We further investigate the UMS, LMS, and RGB populations separately defining them as
shown with white lines in the middle plot of the right panel of Fig. 3.11. The border between
the lower and upper parts of the MS approximately corresponds to the stellar masses of 1.5
M. We plot two projections of the total Hess diagrams onto the magnitude and colour axis.
The resulting colour distributions and luminosity functions are shown in the top and middle
panels of Fig. 3.12. In addition to the general difference in the number of stars, we see more
clearly that the modelled LMS is more peaked than the observed one, while the UMS and
RGB regions are less pronounced in the model. The same information can be obtained from
the individual vertical density laws plotted for the three populations (Fig. 3.12, bottom panel).
The LMS, UMS, and RGB regions are under-populated in the model by 3.6%, 6%, and 34.7%,
respectively.
3.5 Discussion
In this section we discuss several potential problems of our modelling procedure.
When we analysed the Hess diagrams (Fig. 3.11), we found a few tenth of stars in the data
that are clearly outliers (see the reddest and bluest G −Ks values). These might be misidenti-
fied stars as well as contamination by the metal-poor thick-disk and halo stars and objects with
unrealistic metallicities, magnitudes, or colours. One of the problematic red areas is associated
with the LMS region: the observed MS is noticeably wider than the predicted one. This might
be caused by the impact of binarity, which is ignored in our modelling. Additionally, metal-rich
stars are present in the data sample ([Fe/H] > 0.2), and their number is underestimated with
the model AMR (see parameter [Fe/H]p in Table 2.1 and also Fig.16 in Paper I, the metallicity
prescribed to the youngest stellar population is +0.02 dex). Moreover, we predict an underes-
timated stellar density in the RGB region. This we attribute to the simplicity of accounting for
the SQ completeness factor, which is included in the modelling as a function of height above
the plane (Fig. 3.2, left panel), although it also shows a variation with colour and absolute mag-
nitude (Fig. 3.2, right panel). By ignoring this dependence of SQ on magnitude and colour, we
may over- or underestimate stellar numbers in the regions of the Hess diagram where the values
of incompleteness at the right panel of Fig. 3.2 deviate considerably from the average. This
effect can also be responsible for a blue region near the UMS at G −Ks ≈ 0.8 mag (compare
to the right panel of Fig. 3.2). On the other hand, when considered together with a blue region
in the LMS (see colour range 1.8 . (G −Ks )/mag . 2.8 at the relative ratio plot in Fig. 3.11),
it points to a small colour shift between the modelled and observed Hess diagrams of ∼ 0.1
mag in G −Ks . There are several reasons that may be responsible for this: an underestimated
reddening, a systematic shift of isochrones, or a lack of metal-poor thin-disk populations in the
data due to an incorrect separation of the thin- and thick-disk stars; the interplay of all these
factors is also possible. Taking into account the locality of our volume, however, it is improba-
ble that this shift is related to the underestimated reddening. We return to this question in view
of the new results obtained on the basis of Gaia DR2 (see below). Furthermore, we discuss the
sensitivity of our results to the choice of dust map and stellar library.
A possible unreliability of the dust map can have a twofold impact on our results. First,
the predicted Hess diagram may appear shifted in the colour-magnitude plane relative to the
observed one. Second, as the data selection function strongly depends on apparent magni-
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tude and colour and the predicted number of stars may change significantly over the colour-
magnitude bins (this is particularly related to the UMS and RGB regions), under- or overesti-
mation of extinction and reddening may add up to the uncertainty in star counts. The 3D dust
map used in our simulations is mainly based on the high-angular resolution extinction model
from Green et al. (2015) constructed by the statistical technique from photometric data of Pan-
STARRS and 2MASS. The safe range of distances covered by this map lies approximately in
a range from 300 pc to 4-5 kpc, although the values of the minimum and maximum reliable
distance may significantly vary over the sky. In most of our modelled sky region, the minimum
reliable distance is ∼ 200 pc and extends to 300 pc. This implies that reddening may not be
modelled reliably in the regions of the cylinder that are in close vicinity to the Sun. However,
we do not expect the roughness of the extinction map in the nearby areas to have a significant
effect on the modelling process because with the cut of |b | > 20◦, we avoid the most problem-
atic near-plane regions. To quantify the impact of the extinction model on our results, we test
an additional 3D reddening map from Capitanio et al. (2017)23 when using Gaia DR2 data (see
23http://stilism.obspm.fr
Test Data and selection Nobs Nsim R, %
TGAS×RAVE See Section 3.2.1 19, 746 18, 206 −7.8
Gaia×RAVE
test#1
Gaia: astrometry, Vlos, (G, GBP−GRP)
RAVE: [Fe/H]
Distances: BJ18
Geometry: solar cylinder (r, h) = (300 pc, 1 kpc),
TGAS×RAVE sky area)
8 < G < 14
63, 408 63, 842 +0.7
Gaia×RAVE
test#2
Gaia: astrometry, Vlos, (G, GBP−GRP)
RAVE: [Fe/H]
Distances: BJ18
Geometry: solar cylinder (r, h) = (100 pc, 1 kpc)
8 < G < 14
29, 193 28, 834 +1.2
Gaia F stars
Gaia: astrometry, (G, GBP−GRP)
Distances: BJ18
Geometry: solar cylinder (r, h) = (100 pc, 1 kpc)
0.4 < GBP−GRP < 0.7, 7 < G < 14.5,
MG > 10
19, 934 19, 326 −3
Gaia G-dwarfs
Gaia: astrometry, (G, GBP−GRP)
Distances: BJ18
Geometry: solar cylinder (r, h) = (100 pc, 1 kpc)
0.8 < GBP−GRP < 1, 8 < G < 16,
MG > 2(GBP−GRP)+2.2
64, 634 69, 862 +8.1
Gaia K-dwarfs
Gaia: astrometry, Vlos, (G, GBP−GRP)
Distances: inversed Gaia parallaxes
Geometry: local sphere r = 50 pc
1.2 < GBP−GRP < 2, 7 < G < 13,
MG > 10
4 255 3 863 −9.2
Table 3.1: Additional tests of the local model against the Gaia DR2 data. BJ18 refers to Bailer-Jones
et al. (2018)
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below).
With the full stellar evolution now included in the modelling, our predictions are sensitive
to the choice of the stellar evolution package. To quantify the corresponding uncertainty, we
tested an alternative set of the PARSEC isochrones for the same range of metallicities and ages
as described in Section 3.3.2. The total number of predicted stars increased by ∼ 10%, but no
appreciable difference of the model behaviour was discovered apart from this.
As the Gaia DR2 astrometry and completeness are significantly improved with respect
to TGAS (Lindegren et al., 2018; Arenou et al., 2018) and the Gaia radial velocities have an
even better precision than those of RAVE (Katz et al., 2018), we perform a sanity check com-
plementary to the local test using the Gaia DR2 astrometric parameters and radial velocities.
To mimic the test presented in this paper, we use the Gaia×RAVE cross-match with the Gaia
radial velocities (Soubiran et al., 2018) and select the local subset belonging to the same spa-
tial volume and area on the sky as the TGAS×RAVE sample described in Section 3.2. We
do not attempt to repeat the full forward-modelling described in Section 3.3.1 by accounting
for parallax errors; instead, we use geometric distances from Bailer-Jones et al. (2018) derived
in the framework of Bayesian approach on the basis of Gaia DR2 parallaxes. In this test we
do not apply metallicity scatter to the AMR either, which allows us to reduce the number of
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Figure 3.13: Top. Modelled (left) and observed (right) absolute Hess diagrams of the solar cylinder of
300 pc radius and 1 kpc height below the midplane with stars selected in the TGAS×RAVE sky area
from Section 3.2. The thick disk is included into the modelling. Model and data are both smoothed with
a window of 0.04×0.2 mag2 (2×2 bins in (GBP −GRP ,G)). Bottom. Modelled apparent Hess diagram
of the same data sample (left) and the relative data-to-model ratio (right) similar to the bottom right plot
in Fig. 3.11.
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stellar assemblies and speed up the calculations. These simplifications do not influence the star
counts much: (1) even if the distance errors reach ∼ 50% for the individual stars at ∼ 1 kpc,
the overall stellar density at this heliocentric distance is quite low in our geometry, and the cor-
responding uncertainty introduced in the number of stars in the volume is not significant; and
(2) the metallicity grid affects the modelled number of stars only indirectly through the sample
selection function, which is sensitive to the apparent magnitudes and colours. In order to avoid
additional incompleteness, no cuts on RAVE Fe or Mg abundances are used. Correspondingly,
the thick disk is added to the model as a mono-age population of metallicity of −0.7 dex with
a Gaussian dispersion of 0.2 dex. As some stars of the RAVE DR5 are missing in the Gaia×
RAVE cross-match (because of unknown Gaia radial velocities or match problem; this makes
up ∼ 11% of the full RAVE DR5), we build a modified RAVE selection function that incor-
porates this additional incompleteness and use it for our test. The selected Gaia×RAVE local
sample contains 63, 408 stars. We construct absolute and apparent Hess diagrams using the
updated Gaia DR2G-band and the new syntheticGBP −GRP colour from PARSEC isochrones.
As in the framework of our sanity check we do not account for the distance uncertainties and
do not introduce scatter in the AMR function, we also do not expect a comparison in terms
of the absolute Hess diagram being very instrumental. Indeed, both of the mentioned aspects
contribute to the scattering of stars within the MS and RGB regions, such that in our case the
predicted pattern on the absolute Hess diagram is much thinner and clearer than the observed
one. The absolute and apparent Hess diagrams for our sanity check (Gaia×RAVE test#1 in
Table 3.1) are shown in Fig. 3.13. The number of the UMS stars is somewhat overestimated
in the model (blue stripe at the relative ratio plot). Also we identify a prominent mismatch of
the stellar number density for the colour range of 1.7 < (GBP −GRP )/mag < 1.9, which most
probably points to the problem with isochrones than to any properties of our model as we do
not apply any special colour cuts for this test and it is unlikely to be some additional selection
effect. We also notice that the centers of the observed and predicted MS regions do not coin-
cide perfectly, which implies a small colour shift of about ∼ 0.05 mag in GBP −GRP between
the data and the model. Despite of these discrepancies, the overall star counts in the volume
is now reproduced with ∼ 1% accuracy. We compare the outcome of the sanity check star
counts in case of using Bovy et al. (2016a) and Capitanio et al. (2017) dust maps and find only
a difference between the two runs of ∼ 1%.
We also run several additional tests as listed in Table 3.1: Gaia×RAVE test#2 is a com-
plementary to the sanity check and includes all common sky area between Gaia and RAVE;
Gaia stars of F class and G-dwarfs are investigated separately in the solar cylinder of 100 pc
radius; K-dwarfs in a 50 pc local sphere are also modelled. The results of all tests are in agree-
ment with each other and also with our analysis performed on the basis of the TGAS×RAVE
sample. The three last columns of Table 3.1 show the observed and predicted number of stars
in the sample, and also the model-to-data deviations, whose absolute value lies in a range of
∼ 1-9%. Interestingly, we find a noticeable deviation between the predicted and observed verti-
cal number density profiles of the G-dwarfs (Fig. 3.14, left panel) which is not observed for the
other samples. This behaviour may point to the deviation of the simulated vertical gravitational
potential from the real one because the difference in shapes is too significant and cannot be
attributed to the effect of distance uncertainties. The underestimation of stars near the Galactic
plane in our model may be related to a presence of open star clusters in the data: the JJ model
predicts a smoothed distribution of stellar populations and does not account for the overdensity
regions. In order to check whether the reported underestimation of dynamically cold stars may
be also explained by the near-plane open clusters, we look at the K-dwarfs in the local 50 pc
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Figure 3.14: Left. Observed and predicted vertical number density profiles of the G-dwarfs in the solar
cylinder of 100 pc radius and 1 kpc height. Right. Normalised |W |-velocity distribution function of the
Gaia K-dwarfs in the 50 pc local sphere.
sphere. For this sample we also identify about 50 members of the Hyades open cluster and
remove them from the data in order to ensure that they do not enhance a peak of the velocity
distribution function at low |W |. The resulting velocity distribution function is shown in the
right panel of Fig. 3.14, where the discrepancy between the model and data is clearly visible.
3.6 Conclusions
In this chapter we used the forward-modelling technique to test the semi-analytic JJ model. We
selected a clean sample of thin-disk stars from the TGAS×RAVE cross-match providing precise
astrometry as well as radial velocities and chemical abundances. We investigated the large
local volume of the solar cylinder with radius of 300 pc extending to 1 kpc below the Galactic
plane. The full stellar evolution in the form of MIST stellar isochrones was implemented in the
model. For each modelled height z, we accounted for the parallax errors and reddening, and
reproduced the incompleteness of the sample. The results were assigned with the additional
weights to model the effect of the distance error in the vertical direction.
We found that the model predictions and data are in good agreement with each other. A
deviation of ∼ 1σ is found between the modelled and observed velocity distribution functions
f (|W |) close to the Galactic plane, indicating that the role of the cold young stellar populations
may be underestimated in our local disk model. When complemented with the velocity distri-
bution functions for the different magnitude bins of the MS stars, this implies that the source
of the discrepancy in vertical kinematics is related to the lower part of the UMS region. A
complementary test based on the RAVE and new Gaia DR2 data confirm the results presented
in Section 3.4, and the reported underestimation of dynamically cold populations is even more
prominent when tested with Gaia DR2 astrometry and radial velocities.
With this realistic performance test we demonstrated the robustness of the local JJ model
when compared to the data up to 1 kpc away from the Galactic plane. However, non-negligible
deviations from the data are identified in case of the vertical kinematics of the disk, which
suggests that the model should be adapted to match the Gaia DR2 data. The next step will
include an extension of the model to other Galactocentric distances: the code Chempy will be
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used to build the chemical evolution model of the disk, consistent with the adopted SFR and
AVR varying with Galactic radius. For this purpose, Gaia DR2 and its next releases as well
as high-resolution spectroscopic surveys such as APOGEE, Gaia-ESO, and GALAH will be of
high benefit.
63
CHAPTER 3. TESTING THE LOCAL JJ MODEL WITH THE GAIA DATA
64
Chapter 4
Rotation curve of the extended
solar neighbourhood24
4.1 Rotation curve: state of the art
The measurement of the Galactic rotation curve provides a powerful tool for constraining the
mass distribution in the Milky Way and enters various branches of Galactic kinematics as an
essential ingredient.
The measurement of the rotation curve inside the solar orbit at R0 can be done with-
out even knowing the distances to the tracers. Spectroscopic observations of HI regions and
molecular clouds emitting in the radio range yield their line-of-sight velocities, which under
the assumption of the circularity of orbits can be converted to the circular velocities purely
geometrically. Though this technique known as the tangent point method (TPM, Binney and
Tremaine, 2008) provides a quite accurate measurement of the inner rotation curve, it loses its
applicability (1) at small Galactocentric distances R < 5 kpc, where the bar starts to dominate
and therefore the orbits can significantly deviate from circular ones (Sofue et al., 2009) and
(2) in the outer disk for R > R0, where the distances to the tracers cannot be derived from a
simple geometry. And even in the ‘good’ range of Galactocentric distances, 5kpc < R < R0,
the reliability of the TPM may be questionable as was shown by recent studies, which consider
the spiral structure in galactic disks (Chemin et al., 2015, 2016). In order to probe the outer
rotation curve, one is obligated to determine distances to the tracers. The distance uncertainties
together with the decrease of tracers’ density with increase of R explain why the outer rotation
curve is known less confidently than its inner part. However, VLBI provides high-accuracy
measurements of parallaxes and proper motions of young star-forming regions and covers a
broad range of Galactocentric distances giving a strong constraint on the shape of the rota-
tion curve (Reid et al., 2014). Still, due to the variety of techniques, difficulties in obtaining
the accurate 6D dynamical information on coordinates and velocities, change in methodology
at R = R0 if one relies on the TPM inside the solar radius, the rotation curves determined by
different authors are not in perfect agreement with each other (Bland-Hawthorn and Gerhard,
2016).
Sofue et al. (2009) presented a comprehensive analysis of previous measurements of the
outer rotation curve, including data for HII regions and C stars, as well as points obtained by
24This chapter is based on the publication Sysoliatina et al. (2018a).
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Figure 4.1: Colour-magnitude diagrams of the whole RAVE and SEGUE G-dwarf data from 2MASS
and SDSS photometry, respectively. The applied cuts are shown in black lines.
the HI-disk thickness method and VLBI observations. The authors claimed a dip in the rotation
curve between 7 and 11 kpc from the Galactic center, which they attribute to the presence of
a ring of stellar overdensity in the Galactic disk influencing the gravitational potential. The
dip is centered at 9 kpc, where the circular velocity drops by ∼15 km s−1. Huang et al. (2016)
also found a similar depression in the rotation curve obtained from stars of the APOGEE and
the LAMOST Spectroscopic Survey of the Galactic Anti-center (LSS-GAC, Liu et al., 2014).
Kafle et al. (2012) used blue horizontal branch stars to construct a rotation curve, which also
has a dip, although at bigger radii, about 11 kpc. In contrast to these results, López-Corredoira
(2014), who studied proper motions of disk RC giants, obtained a flat rotation curve without
any dip, although the errors still remain substantial. Having analysed a sample of APOGEE
stars covering the range of Galactocentric distances 4-14 kpc, Bovy et al. (2012a) arrived at the
same conclusion - the authors found that the rotation curve is approximately flat. Another flat
rotation curve was obtained by Reid et al. (2014) by studying high-mass star-forming regions.
These apparently contradictory results show that a more detailed study of the local Galac-
tic rotation curve is strongly warranted. Now, with the abundant data for distances and veloc-
ities of millions of stars from photometric and spectroscopic surveys of the last decade, the
situation is more encouraging. However, as we show in this chapter, the solution of this task is
not straightforward: while deriving the mean rotation velocity from the kinematic data, one has
carefully account for the asymmetric drift correction, which itself requires some knowledge or
plausible assumptions about the Galactic potential. Because of this inter-dependence between
the input and output we have to approach the problem of the rotation curve reconstruction in
an iterative and consistent way. And as we show in Section 4.3, inference from the JJ model
can be quite useful for understanding the asymmetric drift and thus for constraining the overall
Galactic potential through the reconstructed rotation curve.
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Figure 4.2: Spatial distribution of the RAVE and SEGUE samples. Left. Galactic cylindrical coor-
dinates R and z of the final SEGUE (both thin- and thick-disk stars) and RAVE data samples (only
thin-disk stars). The position of the Sun at Galactocentric distance R0 = 8 kpc and height z = 0 kpc is
marked with a yellow circle. Right. The whole SEGUE sample projected on the Galactic plane. The
value of ϕ = 0◦ corresponds to the Sun-GC axis.
4.2 Data samples
Our analysis is performed in two steps. Firstly, we re-analyse the determination of the peculiar
motion of the Sun and the radial scale lengths of the three thin-disk populations in the frame-
work of the approach of Golubov et al. (2013), but based on the RAVE DR5 and a more careful
treatment of the asymmetric drift correction (see Section 4.4). RAVE is a kinematically unbi-
ased spectroscopic survey with medium resolution (R ∼ 7 500), which provides line-of-sight
velocities, stellar parameters, and element abundances for more than 520, 000 stars. In RAVE
DR5, improved stellar parameters and abundances were published and McMillan et al. (2018)
derived new distances taking into account the TGAS parallaxes. Together with the proper
motions from UCAC5 provided for most of the RAVE DR5 stars, this sample constitutes a
reliable local kinematic dataset. From this sample we select stars at Galactic latitudes |b | > 20◦
(to avoid the necessity to consider extinction), belonging to the stripe with 0.75 < K − 4(J −
Ks ) < 2.75 on the colour-magnitude diagram (CMD) constructed with the 2MASS photom-
etry (to select the main sequence and have a more uniform population of stars; Figure 4.1,
left panel), with a signal-to-noise ratio S/N ≥ 30, relative distance errors δd/d < 0.5, errors
in proper motions δµ < 10 mas yr−1 and line-of-sight velocities δVlos < 3 km s−1. To select a
cleaner thin-disk sample we also use RAVE abundances and take only stars with [Mg/Fe] < 0.2
(Wojno et al., 2016). Our final RAVE sample contains 23, 478 stars. Being very local (Fig-
ure 4.2, left panel), RAVE data cannot be directly employed for the reconstruction of the rota-
tion curve, but rather are used for the purpose of investigating the solar peculiar motion.
In the second step we use a sample of G-dwarfs from SEGUE, a low-resolution (R ∼
2 000) spectroscopic sub-survey of SDSS. The sample contains 40, 496 G-dwarfs with photo-
metric parallaxes measured by Lee et al. (2011) with an accuracy better than 10% for individual
stars. For our analysis we select stars with signal-to-noise ratio S/N ≥ 30 (to ensure good ac-
curacy of the spectroscopic data), colour index 0.48 ≤ д − r ≤ 0.55 (to have a more uniform
sample; most stars from the initial sample belong to this colour range anyway), and absolute
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magnitudeMд > 4.5 mag (which when combined with the colour cut, neatly selects the main se-
quence; Figure 4.1, right panel). We separate the sample into the thin disk with [α/Fe] < 0.25,
|z | < 1.5 kpc and the thick disk with [α/Fe] > 0.25, |z | < 2 kpc and [Fe/H] > −1.2 (to decrease
contamination by halo stars). After applying all the selection criteria, 10, 700 stars remain in
the thin-disk, and 7 040 stars in the thick-disk samples. SEGUE data extend over the range
of Galactocentric distances of 7-10 kpc (Figure 4.2), which makes them suitable for the local
rotation curve analysis.
The tangential velocities υϕ of the SEGUE stars rely on measurements of line-of-sight
velocities and proper motions with distances to individual stars. Radial velocities and proper
motions are obtained by different observational techniques, so they have different accuracy
(about 3 km s−1 for line-of-sight velocities and 3-4 mas yr−1 for proper motions, which at a
distance of 2 kpc from the Sun converts to a ∼ 30-40 km s −1 error) and might have essen-
tially different systematic errors. The relative contributions of line-of-sight velocity υϕ,los and
proper motion υϕ,pm terms to the resulting tangential velocity υϕ change with Galactocentric
longitude, so it is important to check that our data when binned in Galactocentric distance are
not entirely dominated by one of the terms. The right panel of Figure 4.2 shows the SEGUE
sample (both thin- and thick-disk stars selected with our criteria) projected on the Galactic
plane. We calculate and compare the contributions υϕ,los and υϕ,pm measured relative to the
solar Galactocentric velocity v. The contribution of the υϕ,los term is negligible on the axis
Sun-GC, and in other regions values of the ratio reflect an interplay between the direction and
the speed of stellar motions. Importantly, all longitudes are equally represented in our sample,
so in the useful range of Galactocentric distances of 7-10 kpc we expect no bias in υϕ with
respect to the observational techniques.
It is also important to note here that the RAVE data are expected to be kinematically
unbiased by construction (see Wojno et al., 2017), so we do not need to worry about selec-
tion effects while working with them. As to the SEGUE G-dwarfs, simple selection criteria
were used to construct this survey (Yanny et al., 2009), so we expect these data to be relatively
free of kinematic bias and therefore we do not include a correction for the selection effects
for SEGUE as well. As a measure of precaution, before using SEGUE data for the rotation
curve reconstruction, we check our RAVE and SEGUE samples for consistency in terms of
kinematics in order to justify our approach (see Section 4.4).
4.3 Jeans analysis
In this section we discuss the properties of the asymmetric drift, when applied to a large volume
in Galactocentric distance R and height above the Galactic midplane z. The equation that we
are going to formulate here is the basis of our work.
The asymmetric drift is defined as the lag in tangential speed of tracer populations with
respect to the rotation curve, Va = vc −vϕ . The exact value of this quantity depends on stellar
population properties and varies with the position in the Galaxy. This implies that in order
to convert mean tangential velocities vϕ to the rotation curve, we need to correct them for
Va . To quantify the asymmetric drift we use the same notation as in Golubov et al. (2013) and
start with the radial Jeans equation for a stationary and axisymmetric system (in cylindrical
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coordinates and with negligible mean radial and vertical motion):
v2c −vϕ2 = −R
(
σ 2R
∂ ln(νσ 2R)
∂R
+
σ 2R −σ 2ϕ
R
+σ 2Rz
∂ ln(νσ 2Rz )
∂z
+ F (R,z)
)
. (4.1)
Here ν and σ 2R,z,ϕ,Rz are the tracer density and velocity ellipsoid, vϕ is the mean tangential
speed of the population, vc is its circular speed defined in the midplane and F (R,z) measures
the vertical variation of the radial force, i.e.,
F (R,z) ≡ ∂Φ
∂R

z
− ∂Φ
∂R

0
; v2c = R
∂Φ
∂R

0
, (4.2)
where Φ is the total gravitational potential. The right-hand side of Eq. 4.1 is a measure of
the asymmetric drift we are interested in. The last term vanishes at z = 0, but it should not be
neglected at z , 0. Indeed, as with the increase of height above the midplane the radial gradient
of the Galactic gravitational potential decreases, so does the measured tangential speed. This
effect, if not taken into account, can result in two biases. Firstly, the derived circular velocity
can be underestimated by a few kilometers per second, causing a shift of the rotation curve as
a whole. Secondly, the typical distance of stars from the midplane varies at different Galacto-
centric radii due to the sample geometry (see SEGUE sample in Figure 4.2). This can cause a
distortion of the rotation curve, which is unacceptable as the robust reconstruction of the shape
of local rotation curve is the very aim of this work. The penultimate term is the well-known
tilt term, which does not vanish in general even in the midplane (see Eqs. 4.8-4.10 below).
Since these vertical correction terms lead to a systematic variation of the asymmetric drift in-
creasing with |z |, we take them into account everywhere throughout this work, even for the
relatively local RAVE sample with the range of useful distances limited to ±0.5 kpc from the
Sun (Figure 4.2, left panel).
The rotation curve, which we wish to determine, depends on the same Galactic potential.
Therefore, we need to check carefully that we are not biasing the result implicitly by adopting a
special model for the potential, entering Eq. 4.1 through the vertical gradients of tracer density
and the radial force. We use a five-component model of the Galaxy with a spherical NFW DM
halo with a local density ρh and power law slope γh = −1, a bulge component with mass Mb
and three exponential disks for the gas, and the thin and thick disk with local surface densities
Σi and radial and vertical scale lengths Ri and hi (see Table 4.1 for the values of parameters).
With this Galactic model we calculate the exact value of the vertical variation of the radial
force using the GalPot code25 (a stand-alone version of Walter Dehnen’s GalaxyPotential C++
code, Dehnen and Binney, 1998a). In Section 4.3.2 we also derive an analytic approximation
of this term.
The first term on the right-hand side of Eq. 4.1 can be characterised by the radial scale
length RE (which again may depend on R and z), and therefore reads
σ 2R
∂ ln(νσ 2R)
∂R
= −σ
2
R
RE
. (4.3)
At this point we remark that under the assumption of a constant disk thickness and a constant
shape of the velocity ellipsoid σ 2z /σ 2R , which implies ν ∝σ 2z ∝σ 2R , we find RE related to the radial
25Developed by P.McMillan and available at https://github.com/PaulMcMillan-Astro/GalPot
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scale length of the tracer density ν through Rν = 2RE = const . We will use this assumption later
in order to convert the measured RE into the radial scale lengths of the subpopulations (see
Section 4.4).
As we show below in Sections 4.3.1 and 4.3.2, the third and the forth terms of Eq. 4.1
can be parametrised as well, so we can write the Jeans equation as
v2c −vϕ2 = σ 2R
(
R
RE
−1
)
+σ 2ϕ −R F (R,z)−η
(
σ 2R −σ 2z
) (
1− z
hνσ
)
. (4.4)
Here η gives the orientation of the velocity ellipsoid and hνσ is a characteristic scale height
describing the vertical gradient of the tracer density and the velocity dispersion (see Section
4.3.1). This equation is still equivalent to Eq. 4.1. With a specification of the parameters and
functions F (R,z), η, hνσ , RE (e.g., RE independent of R,z) we lose generality.
4.3.1 Tilt term
The third term in Eq. 4.1 describes the vertical density gradient and the change in the tilt of the
velocity ellipsoid. The tilt angle of the velocity ellipsoid is defined as
1
2
tan(2αt il t ) =
σ 2Rz
σ 2R −σ 2z
. (4.5)
On the other side, the tilt angle can be parametrised with a parameter η, which describes the
orientation of the velocity ellipsoid relative to the GC
tan (αt il t ) = η z
R
. (4.6)
Assuming that αt il t is small, one then arrives at the following relation for σ 2Rz :
σ 2Rz = η(σ 2R −σ 2z )z/R. (4.7)
The derivative of σ 2Rz is
∂σ 2Rz
∂z
=
η
R
(σ 2R −σ 2z )−
z
R
(σ 2R −σ 2z )
∂η
∂z
(4.8)
+ η
z
R
(
∂σ 2R
∂z
− ∂σ
2
z
∂z
)
= σ 2Rz
[
1
z
+
∂ lnη
∂z
+
∂ ln(σ 2R −σ 2z )
∂z
]
.
Thus, the tilt term in Eq. 4.1 together with Eq. 4.8 gives
σ 2Rz
[
1
z
+
∂ ln(ην (σ 2R −σ 2z ))
∂z
]
. (4.9)
The second term in the brackets can be parametrised with some characteristic scale height hνσ ,
so we arrive at
σ 2Rz
∂ ln(νσ 2Rz )
∂z
=
σ 2Rz
z
[
1− z
hνσ
]
= η
σ 2R −σ 2z
R
[
1− z
hνσ
]
. (4.10)
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We expect that the vertical variation of η and of (σ 2R −σ 2z ) is small compared to the gradient
of the tracer density ν . We can therefore relate the scale height hνσ to the characteristic scale
height of the tracer density. For this purpose we use the half-thickness values of the mono-age
subpopulations with ages of 4 Gyr, 6 Gyr, and 10 Gyr, taken from the local JJ model. The
youngest subpopulation represents the bin with the highest metallicity. The adopted values of
hνσ are 360 pc, 430 pc, and 530 pc, respectively.
4.3.2 Vertical gradient of the radial force
The last term on the right-hand side of Eq. 4.1 describes the vertical gradient of the radial
force, and we have to specify the integral properties of the Galactic components in order to
evaluate it. We assume a five-component model of the Galaxy, which consists of three disks
and two spheroidal components. The parameters of the three exponential disks, a spherical DM
halo with NFW profile and a point-mass bulge are given in Table 4.1. With the Galactic model
assumed here, we find for the local (R = R0 = 8 kpc) circular velocity and for the local slope
of the rotation curve v0 = 241.1 km s−1 and α = 0.01, respectively, which is consistent with
the values derived later in Sections 4.4 and 4.5. Throughout this chapter, we use this model
to calculate the exact value of the vertical gradient of the radial force with the GalPot code.
However, it might be also interesting and illustrative to express this term analytically in order
to see explicitly its dependence on the model parameters.
We estimate F (R,z) differently for spherical and for disk-like components:
F (R,z) =
∑
i=h,b
Fi (R,z)+
∑
j=d,t,д
Fj (R,z). (4.11)
Here the indices i and j correspond to the spherical and disk terms, respectively.
For a spherical component like the DM halo and the bulge we can calculate the contribu-
tion directly in terms of their enclosed mass Mr =M(< r ) or their contributions βi to the square
of the rotation curve, v2c,i = βiv
2
c :
−RFi (R,z) = −R
[
R
r
∂Φi
∂r

r=
√
R2+z2
− ∂Φi
∂r

r=R
]
= GR2
(
MR
R3
−Mr
r 3
)
(4.12)
= v2c,i (R)−
R2
r 2
v2c,i (r )
In case of a power law density profile of the DM halo and for the Kepler potential of the bulge,
we can reformulate this in terms of the local power law index αi of vc,i :
−RFi (R,z) ≈ z
2
R2 +z2
(
1− d lnvc,i
d lnr

r=R
)
v2c,i (R) ≈ (1−αi )βi
z2
R2
v2c (R) (4.13)
For the bulge, we have αb = −0.5 and for the DM halo αh ≈ 1+γh/2 (under the assumption
of ah/R0  1), where γh = −1 is the power law index of the density profile. Deviations of the
density profile in the inner Galaxy can be taken into account by adding the corresponding mass
difference to the bulge mass.
For the disk components we derive the radial force variation by first integrating the verti-
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cal force and then taking the radial derivative:
Fj (R,z) = ∂
∂R
∫ z
0
dz1
∂Φj (R,z1)
∂z1
(4.14)
Expressing the derivative in the integral from Poisson’s eq., we get:
Fj (R,z) = 4piG ∂
∂R
∫ z
0
dz1
∫ z1
0
dz2ρ j (R,z2)− ∂
∂R
∫ z
0
dz1
∫ z1
0
dz2
1
R
∂
∂R
(R ∂Φj
∂R
) (4.15)
In the thin-disk approximation, the second term is usually neglected for the vertical force, but
here we are interested in small vertical corrections of the radial force, so we need an estimate
for it. In lowest order we can approximate this term (multiplied by −R) using R ∂Φj∂R ≈ v2c, j at
z = 0, which results in
R
∂
∂R
∫ z
0
dz1
∫ z1
0
dz2
1
R
∂
∂R
(R ∂Φj
∂R
) ≈ Rz
2
2
∂
∂R
(
1
R
∂v2c, j
∂R
)
≈ −2α j (1−α j ) z
2
R2
v2c, j , (4.16)
where a local power-law approximation for the disk rotation curve is used. We can combine
this term with the contributions of the spherical components, because it has a similar structure.
For the calculation of the first term in Eq. 4.15, we need a detailed density model of the
disk. The general form of the exponential density profiles of the three disk components for the
gas, the thin and the thick disks is given by:
ρ j (R,z) =
Σj
2hj
e−
|z |
hj
− R−R0Rj −
Rcut, j
R , (4.17)
where the inner cut Rcut, j is zero for the thin and thick disks and is 4.0 kpc for the gas (see
Table 4.1). Evaluating the first term of Eq. 4.15 we find:
4piG
∂
∂R
∫ z
0
dz1
∫ z1
0
dz2ρi (R,z2) = −
2piGΣj
R j
e−
R−R0
Rj
− Rcut, jR
(
|z | −hj +hje−
|z |
hj
)
. (4.18)
Variable Value Source
ρh (M pc−3) 0.014 Just and Jahreiß (2010)
ah (kpc) 25 –
Mb (M) 1.1 1010 –
Σd (M pc−2) 30 Just and Jahreiß (2010)
hd (pc) 300 Just and Jahreiß (2010)
Rd (kpc) 2.5 Golubov et al. (2013)
Σt (M pc−2) 6 Just et al. (2011)
ht (pc) 800 Just et al. (2011)
Rt (kpc) 1.8 Cheng et al. (2012)
Σд (M pc−2) 10 Just and Jahreiß (2010)
hд (pc) 100 Just and Jahreiß (2010)
Rд (kpc) 4.5 Robin et al. (2003)
Rcut,д (kpc) 4.0 –
Table 4.1: Properties of the Galaxy used for calculations.
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Figure 4.3: The vertical depen-
dence of the relative contributions
from the Galactic components to
the vertical gradient of the radial
force (Eq. 4.19). In the whole
range of useful |z |, the contribution
from the thin disk entirely domi-
nates over all other components.
Combining all contributions from Eqs. 4.13, 4.16 and 4.18 we finally get:
−R F (R,z) =
∑
j=d,t,д
2piGΣjR
R j
e−
R−R0
Rj
− Rcut, jR
(
|z | −hj +hje−
|z |
hj
)
+
z2
R2
v2c (R)

∑
i=h,b
(1−αi )βi −
∑
j=d,t,д
2α j (1−α j )βj
 . (4.19)
For consistency with the local rotation curve, there must be two constraints fulfilled. The
relative contributions of all components k = i, j to v20 must add up to unity:
v20 =
∑
k
v2c,k =
∑
k
βkv
2
0 ;
∑
k
βk = 1 (4.20)
and the weighted local power law slopes for each component αk must add up to the total power
law slope α :
2α =
dlnv2c
dlnR
=
∑
k
dlnv2c,k
dlnR
=
∑
k
2αkβk ;
α =
∑
k
αkβk . (4.21)
The local slopes αk and contributions βk of all components can be found from the shape
of the input rotation curve defined by the parameters of the chosen Galactic model (Table 4.1).
To find α j and βj we assume razor-thin exponential disks with a central mass deficit in case
of the gas in order to simulate the inner hole. Ignoring the finite thickness of the disks leads
to an error in vc, j , but as we found from the comparison to the rotation curve calculated with
GalPot , it is less than 3% at R0. We also found that by recalibrating the Rd and Σ values of
the disks it is possible to imitate the effects of thickness when taking R∗d = Rd/f , Σ∗ = Σf
with f = (v0,analyt ic/v0,GalPot )2 ≈ 0.97. The determined values of the slopes and relative
contributions at R = R0 are listed in Table 4.2. Although αk and βk are functions of R, within
our accuracy we can treat them as constants for the usage at other Galactocentric distances.
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Table 4.2: Local slopes and
relative contributions of the
individual Galactic compo-
nents to the assumed rota-
tion curve.
Component α β
Thin disk -0.25 0.28
Thick disk -0.47 0.1
Gaseous disk 0.91 0.01
Bulge -0.5 0.1
DM 0.33 0.5
A test comparison of our analytic approximation of the RF (R,z) term to its exact value
given by theGalPot code shows that with our approximation we make a∼ 7% error at z ≈ 0 kpc,
which increases up to ∼ 30% at 2 kpc. As we apply our correction to the mean height above
the plane in the data bins, the actual error in RF (R,z) is about ∼ 20% or less. The slope
of the rotation curve obtained from the SEGUE thin-disk sample when using Eq. 4.19 is
α = 0.037±0.036, which deviates by 0.12σ from the value found with the exact calculation of
the vertical gradient of the radial force and is presented in Section 4.5. Thus, Eq. 4.19 might
be a useful tool for understanding the vertical correction and parameter testing.
Using Eq. 4.19, we can estimate the importance of different terms in this vertical correc-
tion. Figure 4.3 shows the relative contributions of the five Galactic components to the vertical
variation of the radial force term as follows from Eq. 4.19 applied to R = R0. As it can be seen,
the main contribution comes from the thin disk, which means that the resulting value of the
correction is mostly sensitive to the thin-disk parameters. In particular, the Rd value is still un-
der debates. In Golubov et al. (2013) it was estimated for three stellar subpopulations and the
obtained values lie in a range between roughly 1.6 and 3 kpc. From this we cannot constrain
the integral disk Rd more strictly as belonging to the interval 2kpc < Rd < 3kpc, so for our
correction calculation we use Rd = 2.5 kpc (see Tab. 4.1). Thus, this uncertainty in the value
of the thin disk radial scale length is expected to cause the main uncertainty in our correction.
4.4 Solar motion and radial scale lengths
Before using the mean measured relative velocities of the tracer stars to find the mean tangen-
tial velocities vϕ and correct them for the asymmetric drift, we need to correct for the peculiar
motion of the Sun (U ,V ,W ), i.e., to convert the velocities to the local standard of rest. The de-
termination ofU andW from the stellar kinematics in the solar neighbourhood is not a matter
of difficulty. For the radial and vertical components of the solar motion we adopt the values
from Schönrich et al. (2010) U = 11.1 km s−1, W = 7.25 km s−1, which are also consistent
with our data sets. In contrast, the determination of the tangential componentV is challenging.
Due to the fact that the observed tangential motion of stellar populations is affected both by the
solar peculiar velocity and the asymmetric drift, the task of disentangling them poses a problem.
The classical value based on Hipparcos data is V = 5.2 km s−1 (Dehnen and Binney, 1998b).
The more recent and widely used ones lie in a range of approximately 10-12 km s−1 (e.g.,
12.24± 0.47 km s−1 in Schönrich et al., 2010). However, among recent estimates there are
also values as high as ∼ 24 km s−1 (Bovy et al., 2012a) indicating that the local stellar motions
could be also influenced by non-axisymmetric Galactic features like spiral arms and bar. At the
lower limit there is V = 3.06± 0.68 km s−1 found by us previously in Golubov et al. (2013).
Rather than taking an old value of V together with the radial scale lengths for three metal-
licity populations, we re-determine them here in order to quantify the impact of our improved
analysis in combination with the new distances and improved proper motions. To find the tan-
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Figure 4.4: Recalculation and consistency check of the asymmetric drift correction for the RAVE
and local SEGUE data samples. The RAVE data are recalculated using the improved distances from
McMillan et al. (2018) and UCAC5 proper motions. Left. σR and ∆V as functions of (J −Ks ) 2MASS
colour for different metallicity bins (compare to Figure 2 in Golubov et al., 2013). Right. V ′ as function
of σ 2R in view of the new Strömberg relation (Eqs. 4.23 and 4.24) for each metallicity bin. The data
points for the local G-dwarfs of SEGUE are added as full circles. The metallicity binning for RAVE
and SEGUE data is identical and has the same colour coding. Only stars with 7.5kpc < R < 8.5kpc and
in the case of SEGUE with |z | < 1.5 kpc are selected for the plot. Dashed colour-coded lines are the
linear least squares fit to the RAVE data. Black solid lines are added to read out the radial scale lengths
corresponding to the positions of the SEGUE points and the value of V determined from RAVE. Here
and later on the error bars are calculated using the observational errors.
gential component V, we apply the new Strömberg relation as in Golubov et al. (2013), to the
local RAVE data, but now including the vertical correction terms discussed in the two previous
sections. We assume a Galactocentric distance of the Sun of R0 = 8 kpc, which is consistent
with Reid (1993) as well as with a more recent study by Gillessen et al. (2009). Then adopting
the proper motion of Sgr A* from Reid and Brunthaler (2005) we get the solar Galactocentric
velocity v = 241.6 ±15 km s−1.
Applying Eq. 4.4 at R = R0 and using v0 :=vc (R0) =v −V and ∆V =v −vϕ , we write
for the left-hand side:
v20 −vϕ2 = (v −V)2−(v −∆V )2 = −∆V 2 +2v∆V −2vV +V 2 . (4.22)
This leads to the new version of the Strömberg relation:
V ′ =V −
V 2
2v
+
σ 2R
k ′
with k ′ =
2RE
R0
v, (4.23)
and the generalised version of V ′:
V ′ := ∆V +
σ 2R −σ 2ϕ +R0F (R0,z)+η(σ 2R −σ 2z )
[
1− zhνσ
]
−∆V 2
2v
. (4.24)
To make practical use of Eqs. 4.23 and 4.24, i.e., to determine values of V and RE ,
we need to bin our data sample into sub-bins with different kinematics. For this purpose we
separate the RAVE sample in three subpopulations with different metallicities and then bin
each subpopulation in (J −Ks ) colour. The left panel of Figure 4.4 shows such a binning of
the measured velocity ∆V and squared radial velocity dispersion σ 2R , which can be calculated
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straightforwardly, without knowledge of V. One can clearly see that the kinematic properties
change systematically with both metallicity and colour. Using the same binning, we plot V ′
versus σ 2R (Figure 4.4, right panel). For simplicity, we assume here that η = const . = 0.8 as
derived in Binney et al. (2014) from the RAVE data. We also treat hνσ as independent of
colour, though differing with metallicity and select appropriate values from the local JJ model
(Section 4.3.1). The height above the midplane z in Eq. 4.24 is calculated for each metallicity-
colour bin as a mean value of the absolute z for individual stars.
As in Golubov et al. (2013), we still see the systematic difference of V ′(σ 2R) between
metallicity bins, but the linear dependencies show a larger scatter. The assumption that RE ,
similar to hνσ , is approximately the same for all colours inside a given metallicity bin, but
differs with metallicity, allows us to derive RE values for the three metallicity subpopulations
as well asV. To do so, we perform a simultaneous linear fit of the metallicity-colour sequences
(shown with colour-coded dashed lines in Figure 4.4, right panel). The inverse slopes of the
fitting lines k ′i can be directly converted to RE,i , which under the assumption of constancy of
the disk thickness and the shape of velocity ellipsoid (see Section 4.3) gives us the radial scale
lengths for the selected populations. The solar peculiar motion can be read out from the V ′
extrapolated to zero radial velocity dispersion:
Rd,i =
R0k
′
i
v
; V =v −
√
v2 −2v V ′ |σ 2R=0 . (4.25)
The updated value of the tangential component of the solar peculiar motion is found
to be V = 4.47 ± 0.8 km s−1, which translates to the local circular velocity v0 ≈ 237±16
km s−1. The radial scale lengths for the metallicity bins are Rd (0<[Fe/H]<0.2) = 2.07±0.2
kpc, Rd (-0.2<[Fe/H]<0) = 2.28±0.26 kpc and Rd (-0.5<[Fe/H]<-0.2) = 3.05±0.43 kpc, which
together with V is in agreement with our old values from Golubov et al. (2013).
Now we must check whether SEGUE stars also follow the same trend. For this purpose
we split the thin-disk SEGUE sample into the same metallicity bins and consider only stars
with Galactocentric distances 7.5 < R < 8.5 kpc. The subdivision in colours is not possible for
this data set because of its narrow colour range. Another characteristic of this sample is that
G-dwarfs are distributed over a significantly larger range of |z | (Figure 4.2, left). And though
we do not reconstruct here the shape and orientation of the velocity ellipsoid as a function of R
and z, we may roughly account for the vertical gradients of σ 2R and σ
2
z . To do so, we apply Eq.
4.24 for the calculation of V ′, not to the whole metallicity bin, but separately in vertical sub-
bins (|z | = 0-1.5 kpc with a step of 0.5 kpc) and calculate the resultingV ′ by taking a weighted
mean of the values obtained for different |z |.
The SEGUE points (filled circles in Figure 4.4, right panel) demonstrate good consistency
with the RAVE data, which means that for further analysis of SEGUE thin-disk sample we
can securely use the values of scale lengths derived from RAVE. This is an important result,
accounting for all uncertainties of the metallicity calibration in RAVE and possible velocity
biases for SEGUE. To be even more precise, we can inverse the problem and read out scale
lengths for individual points adopting the solar peculiar velocity derived with the RAVE data.
The values of Rd calculated for the SEGUE data in such a way (see the three solid black lines
in Figure 4.4, right panel) are: Rd (0<[Fe/H]<0.2) = 1.91± 0.23 kpc, Rd (-0.2<[Fe/H]<0) =
2.51± 0.25 kpc and Rd (-0.5<[Fe/H]<-0.2) = 3.55± 0.42 kpc. We use these new values and
V = 4.47±0.8 km s−1 in our further analysis.
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The linearity of the asymmetric drift correction, i.e., constancy of Rd versus σ 2R , is still
under debate. Nevertheless, even if the asymmetric drift dependence on σ 2R in fact turns out to
be nonlinear for small σ 2R (as assumed by Schönrich et al., 2010), it will correspond to some
shift in the measured circular velocity. We do not, however, expect this shift to change dras-
tically at different Galactocentric radii. To the first approximation this would produce only a
parallel displacement of the measured rotation curve. Being interested in the general shape of
the rotation curve, not in the exact value of the rotation velocity, we apply the solar velocity
and the radial scale lengths derived by Eq. 4.23 at all Galactocentric radii.
4.5 Asymmetric drift and rotation curve
Now, with updated values for the solar peculiar velocity and the radial scale lengths for three
populations of the selected metallicities, we proceed to the determination of the rotation curve
in the extended solar neighbourhood. We go back to the Jeans equation formulated for arbitrary
(R,z) (see Eq. 4.4) and apply it to the thin-disk SEGUE stars. In principle, Eq. 4.4 can be
directly used for the determination of the rotation velocity as all terms on the right-hand side
are now known and the mean tangential speed can be expressed as vϕ = v −∆V , where v is
the tangential speed of the Sun and (−∆V ) is the mean observed tangential velocity with respect
to the Sun. However, we would prefer to formulate the expression of the rotation velocity in
terms of the asymmetric drift Va , so we recall its definition:
Va =vc −vϕ =vc (R)−v +∆V . (4.26)
Insertingvϕ =vc −Va into the left-hand side of Eq. 4.4, we arrive at the quadratic equation
for the asymmetric drift:
V 2a −2vcVa −R
(
F (R,z)+ησ
2
R −σ 2z
R
[
1− z
hνσ
]
− σ
2
R
RE
+
σ 2R −σ 2ϕ
R
)
= 0. (4.27)
We solve Eq. 4.27 with respect to Va and get:
Va =vc (R)−
{
v2c (R)+R
(
F (R,z)+ησ
2
R −σ 2z
R
[
1− z
hνσ
]
− σ
2
R
RE
+
σ 2R −σ 2ϕ
R
)}1/2
≈
−RF (R,z)−η(σ 2R −σ 2z )
[
1− zhνσ
]
+σ 2R
R
RE
−(σ 2R −σ 2ϕ )
2vc (R) , (4.28)
where the last line corresponds to the linear approximation ignoring theV 2a term. The difference
of the non-linear and linear values for Va is of the order of 5% or 1 km s−1.
The final formula for calculating the rotation velocity at radius R for each bin (R,z) is
from Eq. 4.26:
vc (R) =vϕ +Va =v −∆V +Va , (4.29)
with the asymmetric drift correctionVa given by Eq. 4.28. AsVa is itself a function ofvc (R), the
determination of the rotation velocity is an iterative procedure, during which we assume vc ∝
Rα and start with some small α as initial value. At each step of the iteration, the reconstructed
rotation curve is fitted and the new value of α is derived to be plugged back into Eq. 4.28 via
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Figure 4.5: Rotation curve in the extended solar neighbourhood traced via SEGUE stars. The thin-disk
stars are split into the same three metallicity bins as before. For each distance bin the mean rotation
velocity vϕ = v −∆V is measured (dashed curves, additional binning in |z | applied in the range of
7kpc < R < 9kpc is not shown here). The circular velocity (solid curves) is calculated for the three
metallicity bins. The best power-law fit of the form vc = v0(R/R0)α is shown with a black dashed line.
The areas of the 1, 2 and 3σ -deviation are shown with increasingly lighter shades of grey. The solar
tangential velocity v is marked with a yellow circle.
vc (R). The iteration procedure converges very quickly, after two or three cycles.
We bin thin-disk SEGUE stars, again separated in three metallicities as before, in Galac-
tocentric distances with equal step of 0.4 kpc. The further data analysis is not the same for all
distance bins. As we mentioned above, the SEGUE stars are in general distributed over a large
range in |z |, so we would like to take into account the vertical gradients in σ 2R and σ 2z by ap-
plying our equations separately at different heights for each distance. As one can see from the
left panel of Figure 4.2, such |z |-binning for the thin disk sample is justified only close to R0,
approximately for 7 kpc < R < 9 kpc, because at larger Galactocentric distances the majority of
stars is located at approximately the same height, such that low-|z | bins would be essentially
empty and suffering from high Poisson noise. For this reason we do not bin in |z | outside this
distance range. Taking this into account, at R < 7 kpc and R > 9 kpc for each R-bin we find the
mean tangential velocity vϕ (dashed colour-coded lines in Figure 4.5), as well as three velocity
dispersions and mean values of R and |z |. Then we apply the correction for the asymmetric
drift from Eq. 4.28, which is typically ∼ 20 km s−1. For 7kpc < R < 9kpc we do the same, but
separately for three vertical bins (as before, |z | = 0-1.5 kpc with a step of 0.5 kpc), and then
calculate the weighted mean vc at each R. The obtained rotation curves representing different
metallicity bins are shown as solid lines in Figure 4.5 and are broadly consistent with each
other within the error bars.
Between 8 and 10 kpc the rotation curve is flat to an accuracy of a few kilometres per
second, and definitely does not show the 10 km s−1 dip described by Sofue et al. (2009, 2010).
On the other hand, the inner part of our rotation curve demonstrates a metallicity-dependent
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Figure 4.6: At this figure we plot Galactic rotation as a function of height. The vertical behaviour of
the mean tangential velocity vϕ =v −∆V (dashed lines) is compared to the circular speed vc =vϕ +Va
(solid lines) as derived from the tracer stars in a given |z |-bin. Colour coding represents the same
metallicity ranges as before. Only stars with 7.5kpc < R < 8.5kpc are considered. There is a clear
negative trend with |z | in vϕ , but in the circular speed, which is the tangential velocity corrected for the
asymmetric drift including the vertical effects, it is not present any more. The least squares fit to the
three vc curves is shown as a dashed line and the 1-σ area is in grey, the corresponding circular velocity
at the solar radius is v0 ≈ 237 km s−1.
rise with the amplitude up to 10 km s−1, similar to the one attested by Sofue et al. (2009, 2010).
We perform a power-law fit Vc ∝ Rα simultaneously to all three rotation curves and find
a small power law index α = 0.033±0.034 (fit is shown in Figure 4.5 with a dashed line). This
transforms into the local slope of the rotation curve dVc/dR = 0.98±1 km s−1 kpc−1. However,
the existing measurements of the Oort constants point at a moderately negative slope: the
classical value from Binney and Tremaine (2008) is dVc/dR = −2.4± 1 km s−1 kpc−1, while
the more recent study by Bovy (2017b) from TGAS data suggests an even steeper slope of
−3.4± 0.6 km s−1 kpc−1. Still, we must keep in mind that the Oort constants measure only a
very local slope of the rotation curve, which may be strongly perturbed by the local spiral arm
structure, while our analysis goes all the way to 1-2 kpc away from the Sun.
Figure 4.6 shows the total impact of the asymmetric drift correction on the mean tangen-
tial velocities at different |z |. The SEGUE thin-disk stars for 7.5kpc < R < 8.5kpc were binned
in height, and for each vertical bin the mean rotational velocity vϕ and the circular speed vc
(circular speed in the plane as derived from the motion of stars at a given |z |) were calculated.
The dashed curves representing vϕ show a clear decrease in velocity with height. In contrast
to this, the derived value for the rotation velocity does not show any trend with respect to |z |,
as this quantity is already corrected for the asymmetric drift, which includes the vertical ef-
fects given by the tilt term and the vertical gradient of the radial force discussed before. The
independence of the reconstructed vc on the height |z | of the tracer stars is a good justification
of our method: regardless of the typical distances from the midplane of the different thin-disk
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Figure 4.7: Radial scale length Rd of the
thick disk versus metallicity. Considered
are SEGUE thick-disk stars with 7.5kpc <
R < 8.5kpc, 4 195 in total. Red points show
the radial scale lengths calculated for each
metallicity bin with the ‘effective’ quanti-
ties in Eq. 4.24. The points are fitted with
a constant and also with Rd linearly de-
pendent on [Fe/H] (solid and dashed lines).
One-sigma areas are shown in grey. The
blue point corresponds to the value of scale
length derived in case of binning the same
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populations, their kinematics, when properly corrected for the asymmetric drift, must point to
the same rotation velocity.
The thick-disk SEGUE stars are not very instrumental in reconstructing the rotation
curve, as the radial scale length of the thick disk is poorly constrained. We can solve the
inverse problem: use the data to reconstruct the radial scale length of the thick disk assuming
the rotation curve already known. We express Rd from Eq. 4.23 and calculate it for ten metal-
licity bins of the thick disk. For the parameter hνσ of the thick disk we use a value of 800
pc, similar to its scale height (Just et al., 2011). Furthermore, we take only the local thick-disk
sample with 7.5kpc < R < 8.5kpc in order to avoid regions, where our results can be biased
by the uncertainty in the vertical correction term (this effect is not so important for the thin-
disk sample, as its stars are in general located at smaller |z | than those of the thick disk). The
resulting Rd is shown in Figure 4.7 with red points. Though the data points show some small
variation of Rd with [Fe/H], the constant value of the scale length 2.1±0.05 kpc is more robust
(see the darker one-sigma area in Figure 4.7). In other words, the chemically defined thick
disk behaves as a single kinematically homogeneous population. The value of the thick disk
scale length found here is consistent with simulations by Minchev et al. (2015) and with the
data analysis by Bovy et al. (2012c, 2016b) and Kordopatis et al. (2017). When binning the
local SEGUE thick-disk sample in metallicity, we calculate Rd for the ‘effective’ quantities in
the bin: velocity dispersions determined for all stars and also mean |z | and R. Such ‘effective’
values are quite representative in case of R and velocity dispersions, because our data are very
local in terms of Galactocentric distances and expected to be kinematically homogeneous, so
the velocity dispersions should not have a strong gradient in vertical direction. On the other
hand, the mean value of |z | might be misleading as the vertical distribution of stars is quite
inhomogeneous. The vertical correction and the tilt term in V ′ (Eq. 4.24) are quite sensitive to
z, so to cross-check our results we apply Eq. 4.23 for 4 |z |-bins (0-2 kpc with a 0.5 kpc step)
with no binning in metallicity as the data are not abundant enough to allow a simultaneous
separation in both |z | and [Fe/H]. The resulting scale length, which is calculated again as a
weighted mean of the values found for different |z |, deviates only slightly from the value found
at the previous step: Rd = 2.05±0.22 kpc. We overplot it in Figure 4.7 with a blue dot for the
mean metallicity of the local thick-disk sample. A good agreement between the values of scale
length calculated via the different binning of our sample in the parameter space ensures us of
the robustness of the derived result.
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4.6 Discussion and conclusions
We performed the revision and improvement of the methods developed previously in Golubov
et al. (2013). Starting from the classical Jeans analysis, we arrived at the new Strömberg rela-
tion for the asymmetric drift and applied it locally to the most recent RAVE data. This enabled
us to update the value of the solar peculiar motion toV = 4.47±0.8 km s−1. This is lower than
the typical values reported by other authors, which are around 10-12 km s−1. However, in the
study of Sharma et al. (2014) also based on the RAVE data, though in the framework of a differ-
ent Galaxy model, the solar peculiar velocity is smaller as well: V = 7.62+0.13−0.16 km s
−1. We also
found radial scale lengths for the three metallicity populations, which are Rd (0<[Fe/H]<0.2) =
2.07±0.2 kpc, Rd (-0.2<[Fe/H]<0) = 2.28±0.26 kpc and Rd (-0.5<[Fe/H]<-0.2) = 3.05±0.43
kpc. Our analysis demonstrates good consistency of the SEGUE and the RAVE data in terms of
kinematics. With the peculiar velocity of the Sun derived from the RAVE sample, the SEGUE
data give similar values for the scale lengths (see Table 4.3).
Subsequently, we used the SEGUE sample of the thin-disk G-dwarfs to reconstruct the
rotation curve of the Milky Way, ranging from 7 to 10 kpc in Galactocentric radius. We took
into account the asymmetric drift correction (Eq. 4.28) and showed that the resulting rotation
curve is essentially flat (Figure 4.5). Thus, the existence of any features in the rotation curve
just outside the solar radius is discarded in the framework of our analysis. The formal power-
law fit to the rotation curve implies a positive slope α = 0.033± 0.034 consistent with a flat
rotation curve, although we see that its local value is probably smaller. The corresponding
radial gradient of the circular speed is dVc/dR = 0.98±1 km s−1 kpc−1, which is in agreement
with the findings of Sharma et al. (2014), who derived a similar value from the RAVE data:
dVc/dR = 0.67+0.25−0.26 km s−1 kpc−1.
Using SEGUE data and relying on the determined slope of the rotation curve, we also cal-
culated the radial scale length of the thick disk. It is 2.05±0.22 kpc, and no strong dependence
on metallicity was observed. Values of the quantities derived in this chapter are summarised in
Table 4.3.
Finally, we have to discuss the dependence of our results on the assumed constants and
parameters. The pair (R0,v), on the one hand, influences the derived stellar spatial distri-
bution and velocities from the observables. On the other hand, it enters the equation for the
asymmetric drift correction (see Eq. 4.28). For the recommended values from Bland-Hawthorn
and Gerhard (2016) (R0,v) = (8.2kpc, 248kms−1) the change in the re-calculated solar pecu-
liar velocity and scale heights for the three metallicity bins lie well within one sigma, and the
changes in the rotation curve can be mostly described in terms of a vertical shift to higher veloc-
ities and horizontal translation to larger Galactocentric distances; a slope of α = 0.024±0.031
is found, which is again consistent with a flat rotation curve.
What is the impact of the solar peculiar motion? Changes of (dU ,dV ,dW ) add quadrat-
ically to the corresponding velocity dispersions. The vertical velocity has no other impact on
the result, but we should check that the vertical component of the mean measured relative ve-
locity of the stars in the sample is approximately −W, which is indeed the case. U enters the
velocity transformations to cylindrical coordinates, so every time we change V, R0 or v, we
have to adapt it to have vR ≈ 0 as we assumed in Section 4.3. However, this correction is small
and we can neglect it as it is surely beyond the accuracy we can hope to achieve in the frame-
work of our approach. V has a larger impact on the results as the asymmetric drift correction
depends on it, mainly via vc and the scale lengths (see Eq. 4.28). We test two values of V,
81
CHAPTER 4. ROTATION CURVE OF THE EXTENDED SOLAR NEIGHBOURHOOD
Quantity from RAVE from SEGUE
V (km s−1) 4.47±0.8
Rthind (0<[Fe/H]<0.2) (kpc) 2.07±0.2 1.91±0.23
Rthind (-0.2<[Fe/H]<0) (kpc) 2.28±0.26 2.51±0.25
Rthind (-0.5<[Fe/H]<-0.2) (kpc) 3.05±0.43 3.55±0.42
α 0.033±0.034
Rthickd (kpc) 2.05 ± 0.22
Table 4.3: The summary of the results.
∼ 3 km s−1 (Golubov et al., 2013) and ∼ 7.6 km s−1 (Sharma et al., 2014). The rotation curve
slope is then α = 0.039±0.034 and α = 0.014±0.028, respectively. We also test the sensitivity
of our results to the vertical scale heights hνσ as they are not tightly constrained. Changing hνσ
by ±20% leads to the slopes of α = 0.022±0.03 and α = 0.049±0.038, which deviate from our
standard value by less than 0.5σ .
To quantify the vertical gradient of the radial force term we assume a Galaxy model, i.e.,
use some form of the potential as an input. However, we believe that the rotation curve obtained
in Section 4.5 is not strongly predefined by this choice. The RF (R,z) term is not a dominating
one in the asymmetric drift correction, so with respect to the rotation velocity it is a first-order
correction. The modification of the potential will enter vc as a second-order correction only,
and this already meets the limit of our accuracy. As we have shown in Section 4.3, the main
contribution to the vertical correction of the radial force comes from the thin disk, thus its
scale length and scale height are the main sources of uncertainty in this term. Taking a Rd
value of 2 kpc or 3 kpc we arrive at a rotation curve, which is correspondingly slightly steeper
(α = 0.041±0.041) or flatter (α = 0.027±0.029) than the one we presented in Figure 4.5.Testing
hz of 200 pc and 400 pc results in similar changes: α = 0.041± 0.036 and α = 0.026± 0.03.
The impact of varying Rd and hz of the other disks is negligible.
None of these deviations from our main result produce essential changes in the derived
rotation curve shape. So we can conclude that in the framework of the developed analysis our
outcome is robust with respect to the small changes of our constants and the pre-choice of the
Galactic potential. Our analysis of the local rotation curve does not support the existence of
any special features in its shape like a significant dip at R = 9 kpc.
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In this work we performed a simple generalisation of the Just-Jahreriß model focusing on the
Milky Way thin disk (Just and Jahreiß, 2010; Just et al., 2011): we predict the spatial structure
and kinematics of the disk in the range of Galactocentric distances of 4-12 kpc with a step
of 1 kpc. We used exponential radial profiles for the gas, thin, and thick disks and added the
dark matter (DM) halo as an isothermal sphere in the thin-disk approximation. To simulate the
inside-out growth of the thin disk, we assumed the star formation rate (SFR) with a peak shift-
ing towards older ages with decrease of Galactocentric distance and a universal four-slope bro-
ken power-law initial mass function (IMF, Rybizki and Just, 2015; Rybizki, 2018). Under the
assumption of a constant thickness of the disk, we determined the age-velocity dispersion rela-
tion (AVR) self-consistently at each radius. Basing on the predicted age distributions of the thin
disk populations for Galactocentric distances of 6-12 kpc, we determined the age-metallicity
relation (AMR) constrained by the metallicity distributions of stars from the Apache Point Ob-
servatory Galactic Evolution Experiment (APOGEE, Eisenstein et al., 2011) red clump (RC)
catalogue (Bovy et al., 2014). We test two sets of the SFR parameters corresponding to the
different disk formation scenarios and explore the sensitivity of the model predictions to the
assumed SFR. We find that the inside-out growth and the constant disk thickness are suffi-
cient assumptions to produce flaring of the mono-age populations increasing with the stellar
age. The radial surface density profiles of the mono-abundance populations (MAPs) show less
prominent flaring and are characterised by non-monotonic surface density profiles with a peak
at Galactocentric distance Rpeak and decline at the both sides from the peak. The position of
Rpeak shifts to the outer disk with decrease of metallicity. The structural properties of the disk
as predicted in a framework of the generalised, though not yet calibrated, JJ model demonstrate
a good agreement with other studies, both numerical and observational ones (Minchev et al.,
2015, 2017; Bovy et al., 2016b).
At the next step we validated our fiducial local model with the high-quality samples of the
first and second Gaia data releases (DR1 and DR2, Gaia Collaboration et al., 2016a, 2018). By
applying a forward modelling, we compared the mock stellar populations, as generated with
the full stellar evolution included from the MESA Isochrones and Stellar Tracks (MIST, Choi
et al., 2016), to the thin-disk sample in the local solar cylinder of 300 pc radius and 1 kpc height
below the Galactic plane. We used the data from the Tycho-Gaia Astrometric Solution (TGAS,
Michalik et al., 2015; Lindegren et al., 2016) catalogue of the Gaia DR1 cross-matched with
the fifth release of the Radial Velocity Experiment (RAVE DR5, Kunder et al., 2017). The
vertical density profiles predicted for the upper- and lower main sequence (UMS and LMS,
respectively), as well as for the red giant branch (RGB) stars, showed a good agreement with
the data. The overall underestimation of the number of stars in the sample is 7.8%, the corre-
sponding stellar deficit in the model identified for the UMS, LMS, and RGB stars are 3.6%,
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6%, and 34.7%, respectively. We also found a 10%-uncertainty related to the choice of stellar
isochrones. The vertical velocity distribution function f(|W |) simulated for the whole cylinder
is within 1σ agreement with the data for almost all |W |. The marginal agreement between
the data and model is identified for the near-plane dynamically cold populations, |z | < 100 pc.
We also found that the model gives a fully realistic representation of the vertical gradient in
stellar populations when studied with Hess diagrams for different horizontal slices. Several ad-
ditional tests performed with the Gaia×RAVE data, and also with the Gaia DR2 F stars, G and
K dwarfs, confirm our results obtained from analysis of Gaia DR1. The near-plane discrepancy
in the velocity distribution function f(|W |) and the model deviations from the observed vertical
number density profile of the G-dwarfs indicate that the shape of the vertical gravitational po-
tential needs to be adapted to match the new astrometric data. Taking into account that the the
overall inconsistency in the stellar number in Gaia DR2 tests is of the order of a few percents
only, the task of the model recalibration is a nontrivial one.
Additionally, we investigated the shape of the rotation curve in the extended solar neigh-
bourhood at R = 7-10 kpc in order to check for a presence of any peculiarities in the Galactic
rotation just outside the solar radius as has been reported in Sofue et al. (2009). For this
we used the G-dwarf stars from the Sloan Extension for Galactic Understanding and Explo-
ration (SEGUE, Yanny et al., 2009). Following the formalism from Golubov et al. (2013), we
developed a modified Strömberg relation as a tool for the robust treatment of the asymmet-
ric drift and applied it to the three different metallicity populations of the local sample from
the RAVE DR5. This allowed us to determine simultaneously the V-component of the solar
peculiar velocity and the radial scale lengths for the three kinemaically different populations
representing the Galactic thin disk. The tangential component of the solar peculiar velocity is
found to be V = 4.47± 0.8 km s−1 and the corresponding scale lengths determined with the
SEGUE data are Rd (0<[Fe/H]<0.2) = 1.91± 0.23 kpc, Rd (-0.2<[Fe/H]<0) = 2.51± 0.25 kpc
and Rd (-0.5<[Fe/H]<-0.2) = 3.55±0.42 kpc. Then applying our asymmetric drift correction
separately to the different metallicity bins of the SEGUE G-dwarf sample, we reconstructed the
rotation curve in the extended solar neighbourhood. We approached this problem in a frame-
work of classical Jeans analysis and derived the circular velocity by correcting the mean tan-
gential velocity for the asymmetric drift in each distance bin. We found that in the range of as-
sumed Galactocentric distances the shape of the rotation curve is essentially flat, which is con-
sistent with the accurate measurements of parallaxes and proper motions of ∼ 100 masers with
a very long baseline interferometry (VLBI) (Reid et al., 2014). The inferred power law index
of the rotation curve is 0.033±0.034, which corresponds to a local slope of dVc/dR = 0.98±1
km s−1 kpc−1. In this respect, the local kinematics of the thin disk rotation as determined in the
framework of our new careful analysis does not favour the presence of a massive overdensity
ring just outside the solar radius. With SEGUE data we also calculated the radial scale length
of the thick disk taking as known the derived peculiar motion of the Sun and the slope of the
rotation curve. The obtained value is 2.05 kpc with no essential dependence on metallicity.
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6 Perspectives
We can outline several directions of the future work which can be considered as a natural
continuation of the research presented in this thesis. Generally, the future work will be aimed
on the further improvement and sophistication of the chemo-dynamical Just-Jahreiß model of
the Milky Way disk (JJ model, Just and Jahreiß, 2010; Just et al., 2011).
As we demonstrated in Chapter 3, the model parameters require adaptation in order to
match the newest astrometric and spectroscopic observations from the second Gaia data release
(DR2, Gaia Collaboration et al., 2018). Thus, one of the next steps will include the model
calibration against the Gaia data. At the same time, there are several potential drawbacks of
the present-day version of the model which we briefly mentioned throughout this work. One
of them is a simplified treatment of the thick disk which is now believed to be a composite
Galactic component, similar to the thin disk though in general older and more dynamically
heated, rather than a mono-age population born in a single burst of star formation. The chemical
evolution code Chempy, taking the star formation rate (SFR) and initial mass function (IMF)
as input functions, can reconstruct the gas infall history and enrichment in different elements
using the observational chemical abundances as a constrain. By combing the predictions of
Chempy with our radially dependent SFR and the data from the extensive and high-resolution
spectroscopic surveys such as GALactic Archaeology with HERMES (GALAH, Martell et al.,
2017), we will be able to test different sets of model parameters; the detailed investigation of
the chemical abundance plane will be also possible, which will help us to improve the thick
disk definition.
Another issue is related to a lack of stellar radial migration in our model. The importance
of the radial migration still remains hotly debated, such that quite different and sometimes con-
tradictory statements can be found in the literature. As estimated from the N-body simulations
of the Milky Way-like galaxies, the effect of radial migration can significantly change the verti-
cal structure of migrated stars (Vera-Ciro et al., 2016). The authors of Halle et al. (2015) point
out that the main contribution to the radial migration comes from the blurring of orbits, and
some models assume a simple parametrisation for the radial migration mechanisms (Kubryk
et al., 2015); a similar treatment can be also added to our model in the future.
Finally, the recipes for the radial and tangential stellar velocity components should be
added to the JJ model, such that it will be able to predict the full three-dimensional (3D)
kinematics of stars. Our treatment of the asymmetric drift developed in Chapter 4 is highly
useful for this task and can be used as a starting point for the future work aimed on extension
of the model to the full 3D velocity space.
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